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Abstract—Federated learning (FL) enables collaborative model training across distributed devices while preserving privacy. However,
growing heterogeneity in device resources and communication links challenges conventional FL, especially when relying on a single
central server. Hierarchical federated learning (HFL) mitigates these issues by organizing devices into clusters coordinated through
intermediate aggregators. Yet, the effectiveness of HFL critically depends on how clusters are formed: intra-cluster communication
must be efficient, device computational capacities should be balanced to reduce stragglers, and data heterogeneity must be managed
to ensure stable convergence. In this work, we propose a learning—topology co-optimization framework for HFL in networks where
nodes communicate with each other with links of varying quality (e.g., device-to-device (D2D) or mesh networks). Our method jointly
optimizes device connection topology and learning directions, leading to communication-efficient clusters that remain well aligned in
optimization space. We provide a convergence analysis under mild assumptions, showing how inter- and intra-cluster divergence affect
learning stability. Extensive experiments demonstrate that our approach consistently improves HFL performance, yielding at least a 6%
accuracy gain under unbalanced data distributions and over 16% reduction in training time for regression tasks compared with existing

clustering algorithms.

Index Terms—Hierarchical federated learning, resource optimization, wireless communications

1 INTRODUCTION

As machine learning applications advance toward deploy-
ment at the network edge, training models over data
distributed across heterogeneous devices poses significant
challenges in terms of communication efficiency, compu-
tation scalability, and data governance. Federated learning
(FL) is a distributed machine learning paradigm that en-
ables cooperative model training by leveraging data and
computational resources from edge devices, alleviating the
burden on a central server. By exchanging model updates
instead of raw data, FL can reduce communication overhead
[1] and limit direct data exposure, which is often desirable
in privacy-sensitive applications. In FL, model training is
performed locally and periodically coordinated through
model aggregation, making it particularly suitable for large-
scale, resource-constrained, and geographically distributed
environments.
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However, practical deployments must cope with sub-
stantial system heterogeneity, including variations in de-
vice computation capability, communication bandwidth,
and connectivity conditions. In traditional synchronized
FL, where a central server collects model updates from all
participants, heterogeneity in uplink quality across devices
can lead to the straggler effect [2] while data heterogeneity
across clients can cause unstable convergence after model
aggregation. These challenges motivate the development of
layered and topology-aware FL architectures that exploit lo-
cal coordination to reduce global communication overhead
and mitigate divergence caused by heterogeneous data. Two
representative directions are clustered FL and hierarchical
federated learning (HFL) [3]. Clustered FL primarily targets
data heterogeneity by partitioning clients into groups and
maintaining cluster-specific models, often coordinated by a
central server [4]-[7]. In contrast, HFL introduces an explicit
hierarchy in which intermediate aggregation nodes coordi-
nate subsets of clients before a global aggregation step. By
retaining global synchronization across clusters, HFL main-
tains a globally applicable model that reflects contributions
from all clients while alleviating communication bottlenecks
caused by direct client-to-server interactions. This property
is particularly relevant in bandwidth-constrained peer-to-
peer, mesh, and device-to-device (D2D) networks, where
direct connectivity between devices enables efficient local
coordination.

Despite these advances, an open challenge remains: how
to form clusters in HFL that jointly balance communica-
tion efficiency, computational heterogeneity, and learning-
direction alignment. Existing approaches often optimize



only a subset of these factors, for example, focusing on com-
munication latency or data similarity alone, or archaically
assume static network conditions. In dynamic D2D envi-
ronments, however, link quality and device availability can
vary significantly, making cluster formation a combinatorial
optimization problem with coupled system and learning
objectives.

On the smaller scale of HFL, synchronization within
a cluster is eased but not guaranteed. Even in settings
with stable client-to-edge communication, heterogeneity in
computational capacity can lead to intra-cluster straggler
effects, resulting in idle time for faster devices. Balancing
the compound round time, which includes both computa-
tion and communication, is therefore critical to improving
training efficiency [6]. Additionally, clusters formed purely
based on communication proximity may not align with the
global learning objective if their data distributions diverge
significantly [8]. Since HFL typically involves multiple intra-
cluster updates before global aggregation, such divergence
can accumulate and hinder global convergence. Conse-
quently, effective cluster formation must carefully balance
system efficiency with learning-direction consistency.

In this work, we study HFL under a D2D! setting, where
communication conditions are inherently variable. Building
on our previous work [9], which mitigates heterogeneity
through adaptive training and upload scheduling, we in-
stead actively exploit heterogeneity by forming clusters that
are optimized for communication, computation, and learn-
ing objectives. In our system, the server determines cluster
configurations based on devices’ computation capabilities,
communication conditions, and proxy representations of
their learning directions, while cluster models are period-
ically synchronized through a global aggregation step.

Our key contributions can be summarized as follows:

1) We propose a co-optimization clustering algorithm
for HFL in D2D networks, jointly accounting for
devices” computation and communication resource
constraints as well as their learning directions.

2) We provide a convergence analysis, deriving a
bound on the averaged norm of gradients that ex-
plicitly characterize the impact of inter-cluster and
intra-cluster divergence.

3) We investigate the use of substitute features
to represent learning directions, with improve-
ments on privacy preservation and communica-
tion/computation efficiency.

4) We empirically validate the need of diversifying
learning directions within clusters and optimiz-
ing intra-cluster link configurations. Comparisons
against two strong benchmarks highlight the effec-
tiveness of our proposed solution.

2 RELATED WORK
2.1 Data Heterogeneity

Data heterogeneity in FL originates from how the scenario
of FL is defined: learning a machine learning model with

1. Without loss of generality, in addition to D2D networks, our
solution applies to any network where nodes communicate with each
other (either directly or indirectly, e.g., mesh networks, Vehicle-to-
Vehicle (V2V) networks, etc.) over links of variable quality.
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data distributed/collected on local devices. The type / class
of data is correlated with the type and location of the FL
devices. Therefore, for FL encompassing a wide range of
devices and application scenarios, data heterogeneity poses
challenge to the learning efficiency and applicability of FL.

Tackling data heterogeneity: frequent synchronization
is the way to deal with data heterogeneity as indicated
in the convergence analysis of [10]. However, for the case
where communication resources between FL devices and
the server are limited, frequent synchronization needs to be
avoided and techniques such as HFL [3] were developed
to address the issue. The motivation for this is to enable
frequent synchronization between clients by utilizing the
locally-viable links, e.g., between the FL devices and an edge
server. In other cases such as decentralized FL, where there
is no server collecting model information from FL devices,
Li et al. [11] estimate global moment of gradient and apply
it into the local updates to tackle the inconsistency caused
by data heterogeneity. In asynchronous FL where the effect
of data heterogeneity is convoluted with the effect of het-
erogeneous computation and communication resources, Wu
et al. [9] derived a formula for computing the aggregation
weights based on model differences so that the disturbance
from models trained on heterogeneous data is controlled.

Moreover, optimization-based techniques such as
Sharpness-Aware Minimization (SAM) [12] have also been
adapted to FL [13], [14], where encouraging flatter min-
ima makes the aggregated model more robust to client
heterogeneity by mitigating the effects of client-specific
sharp optima. Other FL methods seek to transcend naive
averaging to mitigate the effect of data heterogeneity in
FL. For example, FedCross [15] introduces a multi-model
cross-aggregation scheme, where multiple global models are
maintained and intelligently fused to guide optimization
away from client-specific sharp minima and toward a gener-
alizable solution. In a more radical way, FedMR [16] replaces
aggregation with a layer-wise model recombination strat-
egy, heuristically assembling new models from client layers
to discover more robust and generalizable architectures. In
this paper, we carefully adapt HFL scheme to construct
clusters with frequent synchronization and data distribution
similar to the global level.

Mathematic representation of data heterogeneity: dif-
ference of two model gradients are usually adopted as an
implicit way to manifest the effect of data heterogeneity in
FL. The most common way is to bound the difference be-
tween local model gradients and the global model gradient
by a constant value, e.g., in [17], [18]. Another way is to
limit the ratio between the scale of local model gradients
and global model gradients, e.g., in [19], [20]. More direct
representations of data heterogeneity can be found in [21],
[22], where the difference of class distribution vector is an
accurate measurement of how different data is distributed
between two FL clients.

A more practical way of measuring model / data het-
erogeneity is to use the cosine similarity value of two
representative vectors. In [23], cosine similarity between
clients” gradients is used to adapt the aggregation weight in
decentralized FL. In [24], cosine similarity is used to judge if
client updates are aligned with the global learning direction,
with the global gradients computed at the central server



with a proxy dataset. Based on [24], Zhang et al. [25] use
cosine similarity between devices’ gradients to determine
the model aggregation weight in decentralized FL. Similary,
we adopt cosine similarity of (gradient-based) feature to
measure data heterogeneity, while also investigated the
applicability of other metrics in [21], [22].

2.2 Computation and Communication Heterogeneity

Other aspects of heterogeneity in FL in addition to data
distribution include computational and communication re-
sources of learning devices. The two factors jointly re-
sult in different round time of FL devices if the same
amount of computations is demanded across FL partici-
pants. A more colloquial way of describing such effect is
to refer the devices of longer round time as stragglers.
Common approaches to address the straggler issue in-
clude refined resource allocation strategies, allowing un-
even/asynchronous contribution of learning devices, and
client selection/clustering approaches.

Resource allocation approach: client selection strategies
often integrate resource allocation algorithms, as client with-
out allocated resources are excluded from participation. A
notable work on resource adaptation is FedCS [26], which
allocates communication resources based on computational
time, prioritizing faster devices to enhance efficiency and
include more participants. This idea was extended in [27]
to jointly optimize bandwidth and energy consumption,
aiming to maximize the data available for training. More
recently, environment factors have also been incorporated
into resource allocation scheme, such as [28], where tra-
jectories of UAVs, which serve as intermediate parameter
servers, are jointly optimized with device scheduling and
round duration.

Model-centric approaches: the manipulation of clients’
and global models can be adapted to suit diverse client
capabilities, e.g., enabling clients’ personalized participation
to meet their resource limitations. For instance, HeteroFL
[29] and DepthFL [30] generate families of sub-models of
varying width and depth, respectively, allowing clients to
train on a model suited to their computational resources.
Futher dynamic adaptation is achieved by CoCoFL [31]
and FlexFL [32], which generate personalized model vari-
ants via layer freezing/quantization and filter pruning,
respectively. Though their techniques differ, with pruning
improving sparsity while freezing/quantization reducing
precision, both demonstrate that adapting the model to the
client environment is a powerful alternative to selecting
clients or allocating resources. This paradigm turns system
heterogeneity into an opportunity for efficient and inclusive
training, a principle also reflected in adaptive compression
techniques [33] and adaptive training scheduling [34].

Easing synchronization: to accommodate different client
round time, FL systems have evolved to semi-synchronous
and fully asynchronous paradigms as a resource-
independent solution. Semi-synchronized FL, which can
be time-based or buffer-based, relax but do not eliminate
synchronization. In time-based systems, [35]-[37], the server
sets a global round time for model aggregation and ac-
cepts model updates that arrived within a time window.
In buffer-based systems [38], [39], aggregation is triggered
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once the buffer of model updates reaches its capacity. Re-
cent advancements enhance this buffer-based approach by
intelligently curating its contents. For instance, CaBaFL [40]
introduces a hierarchical cache system where updates are
promoted to a primary aggregation buffer based on their
feature distribution similarity to the global model and their
local training completeness, ensuring only the most relevant
and well-trained updates are aggregated. This spectrum
of easing synchronization requirements culminates in fully
asynchronous FL, where the buffer size is reduced to one [9],
[41]-[43]. In this paradigm, the global model is updated im-
mediately upon receiving a single client update, maximizing
agility at the potential cost of update stability.

Constructing layered structure of clients: HFL and clus-
tered FL eases synchronization constraints by organizing
devices into subgroups based on their resource profiles. For
instance, clustered FL frameworks explicitly group devices
with similar computational capabilities and communication
latencies [6], effectively homogenizing round times within
each cluster to minimize stragglers and improve training ef-
ficiency. This principle of resource-aware grouping extends
to networks with physical constraints. In wireless edge net-
works, devices are clustered by their association to proximal
base stations [44], a strategy that inherently groups devices
with comparable channel conditions and communication
reliability. Similarly, in vehicular networks, clustering lever-
ages geographical proximity to ensure stable, low-latency
connections among members [45]. By creating subgroups
where computation and communication heterogeneity is
minimized, these structured hierarchies make synchronous
aggregation feasible in otherwise prohibitive, dynamic en-
vironments.

2.3 Modeling Heterogeneity in HFL

Previous FL work with layered structures of clients have
mainly been limited in terms of modeling heterogeneity.

Assuming easy synchronization on smaller scale: in the
introduction, we noted that clustered FL [4]-[7] typically
focuses on addressing data heterogeneity while assuming
guaranteed communication between clients and server. In
works such as [4], [5], [7], communication and compu-
tation heterogeneity is implicitly captured through client
availability during the selection process. The earliest HFL
framework [3] assumes each cluster of clients is connected
to and managed by a dedicated edge server, with strict
synchronization required both within clusters and across
the server hierarchy. In this setup, heterogeneity in commu-
nication and computation resources is not explicitly consid-
ered. A similar assumption is made in [46], which incorpo-
rates optimization momentum into both local training and
server aggregation; Yang et al. [47] extend the personalized
FL framework pFedHN [48] to an HFL setting, where in
each intra-cluster round only one client is sampled. Here,
sampling probabilities can be interpreted as reflecting the
heterogeneity of device resources.

Partial explicit modeling: Wang et al. [49] account for
data heterogeneity (in terms of sample counts per client),
but assume uniform steady communication links within
clusters and from cluster to the server. Cluster-level het-
erogeneity in round times is addressed by asynchronous



cluster—server aggregation. Similarly, Wang et al. [50] study
a two-layer FL system where edge servers are intercon-
nected in a decentralized topology, while the links between
clients and edge servers are simplified to probabilistic client
selection. Zhang et al. [6] simultaneously model heterogene-
ity in data distribution, computation, and communication
resources, with link quality to the server represented as
a distance-dependent function, which is independent of
cluster composition.

Embedded in optimization conditions: optimization
techniques well investigated in synchronized FL [27] are
also applied in HFL settings, e.g., [44], [51]-[55]. In this
line, communication heterogeneity is reflected in the opti-
mization constraints, ensuring timely device participation
and promoting faster convergence. Moreover, Pervej et al.
[44] and Su et al. [55] also incorporate computational het-
erogeneity: Pervej et al. [44] optimize device pruning ratios
to accelerate local updates, while Su et al. [55] design an
online intra-cluster client selection algorithm that minimizes
accumulated round time.

2.4 Cluster Forming Criteria

Location-based clustering: Yang et al. [46], Wang et al. [50],
and Zhang et al. [51] assume fixed cluster components, with
[50], [51] allowing client selection performed inside each
cluster associated with a fixed edge server. Pervej et al. [44]
assume fixed cluster configuration which is determined by
the corresponding base station based on devices” computa-
tional power and battery. Su et al. [55] model the members
associated with each edge server to be time-varying due
to devices’” mobility. A more detailed model of clustering
clients based on mobility can be found in [45], where a
Markov chain is used to model the probability of a learning
device moving to neighboring clusters.

Data-based clustering: in [22], client model updates are
send to central server with virtual clusters formed to achieve
personalization of models. Clients with similar categorical
data distributions are grouped together using Hellinger
distance [56] based on encrypted distribution vector. In
[21], a swap-based algorithm is applied at the beginning
of the training stage to create clusters that has similar data
distribution to the global dataset.

Efficiency-based clustering: among other works in
which cluster configuration are changeable, Luo et al. [52]
use a swap-based optimization algorithm to minimize the
energy consumption and learning round time of HFL, with
all formed clusters still using the same cluster round time.
Liu et al. [53] and Abdellatif et al. [57] optimize learning
clients” association with edge servers based on spectrum
allocation to minimize latency and on data distribution to
minimize the difference of cluster data and the global data.
Early work in HFL [49] sets only the number of clusters
as variable so that the corresponding cluster configuration
conforms to the constraints of resources. FedMDS [6] clus-
ters clients into groups based on similarity of data and
individual round time.

In the following section, we showcase how efficiency and
data balance is achieved simultaneously in clusters of HFL.

Notation  Definition
£(x,d) loss function for unified learning task w.r.t. model x
and sampled data d
F global loss function
N number of participating clients
D; local dataset of client ¢
P number of global learning rounds
Te number of intra-cluster learning rounds of cluster c
C. clients assigned to cluster ¢
D, combined dataset of cluster ¢
xP global model of the p-th round
st model of client 4 in cluster ¢’s s-th learning round,
Xeyi with ¢ steps of local optimization
Fe, F; loss function of cluster ¢ and client ¢
(%) stochastic gradient of client i based on model x and

sampled local data

learning rate of local stochastic gradient descent
v (SGD)

n upper bound of sampling uncertainty in local SGD

oo gpper bound of intra-cluster / cluster-global gradient
! ivergence

Pe aggregation weight of cluster c in global aggregation

- aggregation weight of client 7 in intra-cluster aggre-

gation

TABLE 1: Variables, parameters, and acronyms used in theoret-
ical analysis and experiments

3 SYSTEM DESIGN

In this section, we start by formulating the learning objec-
tive by stating the target loss function and the hierarchical
aggregation scheme of the learning platform. We then detail
the setup of the computation and communication conditions
of the participating devices in the HFL scenario. Based on
the device setup, we further elaborate on the motivation
and workflow of the optimization algorithm for clustering
device in HFL. The variables used in the descriptions of the
learning objectives and convergence analysis are listed in
Table 1, while the variables and acronyms specific to the
algorithms are provided in Table 2.

3.1 Learning Objective

We consider a HFL system with N participating devices,
each with the local learning target defined as following for
client i: x; = argmin, F;(x) = E4up, f(X,d). Based on
this, we defined the global optimization target as to obtain:

. D;
x, = argmin F'(x) == Eqp f(x,d) = Z ||D||Fi(x)7
x ie{N} W
and similarly per-cluster optimization target as:
. . |Dil 1
x; = argmin F,.(x) = Equp_f(x,d) Z D, |
x 1€Ce
@
where D = UiE{N} D;and D, = UiECC D;.



Given time-varying D2D connections, we aim to find
optimal configurations of clusters periodically and per-
forms local optimization, intra-cluster aggregation, and
inter-cluster aggregation in HFL. The final goal is to obtain a
model x after the global learning time that achieves highest
testing accuracy or lowest loss as described in Equation (1).

In the following algorithms and experiments, model
aggregation is weighted by data proportion. Specifically,
the intra-cluster and inter-cluster aggregation weights are
defined as m; = |D;|/|D.|, Vi € C¢, and p. = |D.|/|D|,
Vc. These weights—m;, p., and the contributions of F;
and F, to F'—are not rigid; they can be customized to
reflect different notions of client/cluster importance. In this
work, we adopt data-proportional weighting to align with
the global evaluation metric, which averages errors across
all samples. Moreover, since clusters are temporary and
reconfigurable, no fixed weight is tied to a specific cluster,
as its members may change across rounds.

3.2 Learning Process

In our HFL system, we assume each learning device is
connected to some peer learning devices in the system. The
D2D connection stays steady (in terms of the throughput)
for a global round time, then gets reset after each global
round. Each learning device is equipped with different com-
puting capacity, and also loaded with locally collected data
for training and testing the machine learning model. The
system used for this project is inherited from our previous
project [9], where learning devices are only able to perform a
certain number of local optimizations, or transmit a portion
of its model updates to the server/peers. The HFL learning
workflow is described in Algorithm 1.

We divide our HFL process into four stages. In the
first stage of feature collection, each learning client per-
forms A o« D; number of local optimizations and sends
the model difference to the server as one of the features
for co-optimization. While computing features, clients also
evaluate the connection status with their peers. The D2D
connection information, and if necessary the optimization
speed, are sent to the server as another feature for co-
optimization. Since the “true” global gradient is unavailable
in FL, we use the vector ¢ as a practical surrogate signal,
consistent with prior work [6]. Other possible features are
examined in Section 5.4.4 and Section 5.5.3.

In the second stage, the server performs co-optimization
based on optimization directions indicated by ¢ and also
the round time in clusters. Details of co-optimization are
documented in Section 3.3. Note that we can also substitute
the feature of model difference with other numerical fea-
tures, e.g., label distribution in [21]. Comparison between
these features is also shown in the experiments in Section 5.

Between second and third stage, cluster configurations
computed by the server are sent to each client. The server
also informs clients about their cluster head, to which they
should send their model updates. Moreover, the server also
customizes the intra-cluster rounds r. for each cluster ¢
based on the computed round time. Learning clients then
perform local optimizations and send their model updates
to cluster head periodically for intra-cluster aggregation.

Algorithm 1 HFL with Cluster Optimization

1 forpe{l,...,P} do

Stage 1 Feature collection
2:  forclienti € {N} do

3: Do A steps of local optimization:
41 . R

P Pty V(xPdY),  dy ~ Dy
4: Compute model difference as feature:

of = x{™ — xp?
5: Send ¢! and D2D connection information to server

for cluster assignment

6: end for

Stage 2 Co-optimization for cluster configuration
7:  Server performs co-optimization
8 Server sends cluster configuration CP to clients

Stage 3 Intra-cluster learning stage
9:  for cluster c € CP do
10: re  |Tg/Te)

1 a2 e xPM vieC,
12: fors € {0,...,r.— 1} do
13: Each client i € C, performs h; optimizations:
it e Xl =y VIS, di~ Dy
14: Each client ¢ sends xifl to the cluster head
15: Cluster head aggregates models:
X Ve, mxCy
16: end for
17: Cluster head sends x° to server
18:  end for
Stage 4 Inter-cluster aggregation
19:  Server performs inter-cluster aggregation:
XPH = 3 e pexie
20:  Server sends xP*! to each client
21: end for
®s &, [N Pus
_ 6_2,4
¢ b, Jbias b123
¢1

(a) Individual
directions

(b) Optimized
cluster

(c) Random
cluster

Fig. 1: Individual and Clustered Optimization Direction.

After reaching the global round time, the system enters
the fourth stage where each cluster head sends the aggre-
gated cluster model to the server for inter-cluster aggrega-
tion. The aggregated global model is then sent back to clients
directly or indirectly via cluster head.

3.3 Co-optimization Algorithm
3.3.1 Motivation for Co-optimization

Optimization Divergence: Consider that at a certain step in
the HFL process illustrated in Figure 1la with five learning



devices participating. The optimization direction of each
client is different due to heterogeneous data distribution
across clients. The global optimization direction ¢ is the
average of ¢;, Vi =1,...,5.

Assume that the optimization of each device in the
following rounds generally follows the illustrated direction,
we modify the cluster formation and illustrate the corre-
sponding optimization direction in each cluster Figures 1b
and 1c. When clusters are carefully designed, their opti-
mization direction can align with the global optimization
direction (j_> as shown in Figure 1b. However, if clusters
are randomly constructed, there is a risk of significant
deviation between the cluster optimization direction ¢,
and global direction ¢, as illustrated in Figure lc. In HFL
multiple rounds of intra-cluster learning and aggregation
occur between each inter-cluster aggregation. As a result,
any divergence between the cluster optimization direction
and the global direction increases the risk of sub-optimal
inter-cluster aggregation outcomes.

Improving Cluster Learning Round Time: We consider
the case where the cluster members send their model up-
dates to the head of the cluster, which also has compu-
tational capacity. The head of the cluster performs model
aggregation only after receiving model updates from all of
the cluster members, and the head of cluster also completes
its own training. The round time of a single device is
the summation of its computational time and the time of
sending model to the head of the cluster. The learning
round time of a cluster is the maximum of the round time
of its members. Suppose in HFL, the frequency of inter-
cluster synchronization is stipulated by the central server
and each cluster is allowed to perform as many rounds of
learning as possible within the global round time, we then
aim to construct clusters so that the idle time of devices are
minimized and clusters perform more rounds of training.

For illustration, the 5 learning devices are inter-
connected with each other in Figure 2a, with the thickness
of a line representing the throughput of the corresponding
connection and the size of node denoting its computational
capacity. For simplicity, we assume that the devices have
local dataset of the same size, which leads to their computa-
tional time inversely proportional to the computational ca-
pacity. In this case, creating cluster {1, 2,4} and {3,5} as in
Figure 2b is the best configuration to achieve short learning
round time in both clusters, with fast workers device 2 and
device 4 connected to device 1 via high-throughput link, and
slow workers device 3 and device 5 inter-connected with
high-throughput link. Other configurations, e.g., {1,3,5}
and {2,4} in Figure 2c would result in longer round time
in both clusters due to the bottleneck link (1 — 3, 2 — 4).

(b) Clusters with
fast connection

(c) Clusters with
slow connection

(a) Connection
topology

Fig. 2: Devices with heterogeneous direct connections.

(b) Balanced cluster
learning direction
w.r.t. cluster rounds.

(a) Unbalanced clus-
ter learning direction
w.r.t. cluster rounds.

Fig. 3: Compounded Impacts of Cluster Learning Direction and
Intra-Cluster Rounds.

Controlling Optimization Divergence w.rt. Round
Time: Clusters with shorter round time, which complete
more local learning and aggregations within a global round,
should align more closely with the global optimization
direction. We illustrate two contrasting cases in Figure 3,
where ¢., and ¢., represent the learning directions of two
clusters ¢; and cp, with ¢., being more aligned with the
global learning direction ¢. In Figure 3a, the less-aligned
cluster ¢ completes more intra-cluster learning rounds,
causing its final learning direction Q_SC%Cg to deviate further
from ¢. Conversely, in Figure 3b, when the biased cluster
(c2) performs fewer local learning rounds and the aligned
cluster (c1) performs more, the aggregated learning direc-
tion qgci ¢z deviates less from .

Except in scenarios where HFL devices collect location-
dependent data with location-based D2D connections, most
HFL settings show no correlation between data distribution
and connection status. As a result, a cluster configuration
that minimizes optimization divergence might yield insuffi-
cient topologies within clusters, potentially increasing clus-
ter round times. Conversely, optimizing only for connection
topology can cause optimization divergence and disrupt the
learning process. To address this, we propose co-optimizing
both the learning direction divergence and cluster round
time, aiming for a balanced cluster configuration that en-
sures smooth convergence and fast learning progress.

3.3.2 Workflow of Co-optimization for Clustering Clients

After collecting the features indicating the optimization
direction in Stage 1, the central server adopts a swap search
method (Algorithm 2, inspired by [21]). Slightly different
from the original algorithm in [21], we relax the limitation
on fixed cluster sizes and adopt our devised evaluation
metrics of optimization divergence and cluster round time.
In each iteration in Algorithm 2, a pair of clusters is chosen
and all possible swaps of clients between these two clusters
are considered (Case 1 in Algorithm 3). Moreover, since we
allow the cluster size to change, Case 2 is also included in
the algorithm, where one client is moved from a cluster to
another.

The evaluation metrics of the two original clusters and
the potential new clusters are also computed and com-
pared. Specifically, the evaluation metrics for the alignment
of optimization direction is the angle between the cluster
optimization direction and the global direction:

e &

0. = arccos ———— 3)

el - 111"
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Notation  Definition

Uc number of clusters

(074 cluster configuration in global round p
Ne size of cluster ¢, n. = |C¢|

Nmin, Pmax  lower bound and upper bound of the size of cluster

number of local optimization for feature collection

hiy b and for a round of intra-cluster learning

w the computing time of a lgarqing device performing
the designated local optimizations

ti the time of device ¢ sending model update to device j

m size of the model updates

Aij the throughput of the link connecting device ¢ and j

b, bor .client./ clu.ster/ global vector feature indicating learn-
ing direction

0. angle between direction of cluster ¢ (¢.) and @

Te, Ty round time of cluster ¢, global round time

w, 't p? evaluation metric, u, ut, u? € {0, T, %, .

z scale of compromise in co-optimization

Nswap number of swaps allowed in swap search

TABLE 2: Variables, parameters, and acronyms used in algo-
rithms

where ¢, = (Zie()c |Dz| ' Qsz) /|D("

For computing the minimum achievable round time for
a cluster ¢, firstly each participating device report their
computing time t; to complete a designed number of local
optimization. Then the time of device i sending model
updates to device j: ¢ ; = % is computed by the server,
with ¢/, = 0. A matrix representing clients’ computing
and communication time T, can be obtained with entry
tij = t; +t ;. Then the minimum achievable cluster round
time is computed as:

T. = min (maX(TC{:}l}), . ,maX(Tc{:)nc})) , 4)
and the head of cluster leading to the shorted round time is:
H, = argmin (max(T.y. 1y),...,max(Tep. n.3))  (5)

Based on the computed ¢ and T" and the motivation in
Section 3.3.1, we propose a metric % for cluster formation,
where a short round time T' leads to more local learning
rounds and requires a smaller angular deviation ¢ to ensure
smooth learning convergence.

The evaluation metrics of the possible new cluster 6., 1
0.,, T, , T/, are evaluated against the original ones: f.,, 0.,
T,,, T,,. If the criteria are satisfied, the corresponding new
cluster configuration C/, , C/_ is marked as valid. After iter-
ating through all possible and new clusters, the algorithm
either samples one from all the valid candidate pairs, or

selects the pair evaluated with best metrics.

/

3.3.3 Evaluation Criteria in Co-optimization

When comparing multiple metrics for a pair of clusters,
there are multiple perspectives regarding the relations be-
tween the metrics and the relations between the two clus-
ters. We list the following validation criteria for Algorithm 2:

Algorithm 2 Swap Search to Find Local Optima Solution for
Cluster Components

1: Randomly initialize clusters: C with |C| = U

2: Compute initial round times per cluster: T

3 6= (Sieqwy 1Dl - 61) /D] )

4: Compute learning divergence angle w.r.t. ¢: 8., Vc € C

5: for each trial £ = 1 to ngywap do

6:  Randomly select two clusters: ¢; and ¢

7. Compute initial angles: 0.,, 0.,, and round time: T, ,
T,

8:  Generate Potential Cluster after Swaps and Moves:
(C.CL), (Cr.CrY,.. )

c1? e c1? “eo

9:  for each possible cluster configuration C, ,Cy, do
10: Compute new angles 0, , 0.,
11: Compute new round time T}, , T/,
12: if evaluation criteria are satisfied then
13: Mark the swap/move as valid
14: end if
15:  end for
16:  if valid swap/move found then
17: randomly choose one pair of valid swap C/, ,Cy,
18: Ce, + Cf,,Ce, + Cy,
19: Update H,., and H.,
20: Toy T, Te, < T, 0, 0,0, < 0,
21:  end if
22: end for

Algorithm 3 Generate Potential Cluster

1. L+ @&
Case 1 Swap elements between clusters ¢y and ca:
: for each pair of elements p., € C,, and p., € C,, do
Ce, = Cey \ {pe, } U{pe, }
Ce, = Cey \ {pes } U {pe, }
add (C;,,C7,) to L
end for

AU N

Case 2 Move one element from cy to ca (or co to c1):
7. if |Cey| > Nmin and |Ce,| < Nmax then
8 for each element p., € C;, do

9: Cél = Ce, \ {Pey } Céz =Ce, U{pc, }
10: add (C7,,C7,) to L

11:  end for

12: end if

13: return £

Individually or per pair of clusters: evaluating metrics
per cluster is to demand each metric evaluated to improve
in both cluster:

0
pl < pe, Ve € {cr,ea}, n € {6, T, T}
Evaluating metrics per cluster pair requires the combined
(summed) metric value from both clusters to improve:

0
DS D pene{dT 5}
ce{ci,ca} ce{ci,ca}

Trade-off between metrics: allowing one metric u' to
deteriorate (increase of o, a > 0) to achieve a more sig-



nificant improvement (decrease of za, z > 1) on the other
metric p?:

2

p < (14 a)ut and 4 < (1 - za)p?,

0

p' # p? ptand p® € {0, T, =}
Since there are multiple combinations of options, we
choose the most representative designs (in terms of com-

plexity and performance) to show in the experiments in
Section 5.5.

4 CONVERGENCE ANALYSIS

We aim to show the feasibility of our solutions in terms
of the evolution of the loss value of the learning function.
Firstly, we list assumptions made on the function properties
to enable the derivation of the analysis. We then show the
bounded averaged gradients based on certain parameter
settings to guarantee convergence.

4.1 Assumptions of Function Properties

We made the following assumptions commonly used in
the analysis of distributed optimization [20], [38], [41] to
facilitate our analysis of the loss evolution of the global
model through the learning process.

Assumption 4.1. (L-smoothness) Let function f satisfy L-
Lipschitz smooth, so 4L > 0, Vx1,x2 € model space

IVf(xa) =

There is also an equivalent version for L-Lipschitz
smooth property:

Vf(x2)|l < Lx1 — x|

L
5\\X1 - xo|?

f(x1) = f(x2) -

We assume all client function F; and all cluster function
F,. to be L-smooth.

(Vf(x2),x1 —x2) <

Assumption 4.1 is reasonable because smoothness is
observable and preserved with operations like addition
and affine projection (common operations in the machine
learning models adopted in our experiments), and can be
tested with techniques as in our previous work [9].

Assumption 4.2. When sampling data points in batch from
local dataset to compute g;(x), the difference between
the computed value and the true gradient of the local
loss function is bounded:

2
9i(x36) — VxFi(X))‘Q <,
Vx € model space,d ~ D;, Vi € {N}

Assumption 4.2 holds in case of reasonably large batch size
B of samples taken in one local gradient optimization.

Assumption 4.3. The gradient of local loss function w.r.t.
any model and any batch of sampled data is bounded
across all devices:

ll g (x; 5)”% < G2, ¥x € model space,
W5 ~ Dy, Vi € {N}

8

Assumption 4.3 provides a rough estimation of the scale of
local gradients and is later proved to form the foundation of
bounding the global gradients.

Assumption 4.4. For a cluster indexed with ¢, with members
as C, the difference of its loss gradient and the global loss
gradient is bounded:

[VF(x) = VF(x)[| < €cg
Ccc {N}, Nmin < |C| < Nmax 6)

Assumption 4.5. The difference of the loss gradient of a
client function and the loss gradient of its corresponding
cluster is bounded:

IVF;(x) — VE.(x)|| < €., Vi € C.

The scales of €., and ¢€; . depend on the specific config-
urations of clusters in the experiment. Our solutions in
Section 3.3 aims to reduce €. 4 in the experiment with the
trade-off of increasing ¢; ..

4.2 Proof of Convergence

Consider the case where the optimization progress obtained
from feature collection stage is discarded, the difference
between the global models of two consecutive round p — 1
and p is denoted as:

re—1 i
X‘D:Xp1 chzzﬂ'zZ’Y 97( )7
ceCr s=0 t€EN, t=0

where for simplicity of notation we set X =xP71 Ve e
C?, i € N,. Putting into the global evaluatlon functlon F
and using the L-Lipschitz smoothness property in Assump-

tion 4.1, we have:

F(xP) < F (xP71)

re—1
<VFXP1 - chzzﬂzzgz( )>
ceCP s=0 71€N,.
re—1 h;—1 2
ZPCZZmZm(“) %)
ceCp s=0 i€N,

Decomposing the superposition in the second term of Equa-
tion (7), we have:
(x21)) =

plnf1

<VF (x~1) ’2

s 6ot - )

ChI ®

We work on the scale of the difference between the two
gradients and assume any cluster function F. also satisfy
L-Lipschitz smooth:

for ) )

- = ||VF

2

t—1
<(t+3) ZL372G2+512,C+772
7=0
+(t+3)(s+1) nyZZm/h G*+e2, 9)

c=04€C,



Using recursion and rearrangements of items, we have:

1 & 112
LS IvE e <

p=1

(10)

2
wp

[F () = F (<)) + 367

=
M~

Il
-

p
2 2
o s 4 Dl 4 5)e2, | (s +5) (i +n?)
4 2
under the condition of Ve € CP,i € C.,p € {1,..., P}

V6

L (rd/W)

h2 is defined as Yiec, TirhZ, the weighted average of
squared optimization number inside a cluster c¢. (*)max is
used to take the maximum possible value of the terms in
parentheses. w? is defined as

wl = Y Z Pe Z TN,

ceCr i€N,

and v <

<
7= Lhmax

max

10 allows us to measure the scale of the upper bound.
However, it lacks clarity since the intermediate terms of

F(xP) for p = 1,..., P are not eliminated. To this end, we
can further define w™®* = max5:1 wP, Wit = min;::l wP
and get:

1 & 2 2

il p—1 0y _ P

P2 19PN < pm P (x) ~F (x")] +

wh 4,1, 2y , Tmax T1 5

e {3G + L (€5.+n%) + L €egls (11)

Details of the proof are provided in Appendix A.

Equation (11) establishes an ergodic convergence rate
of O(1/P) to an error floor, where the cluster-global gra-
dient gap €., dominates ¢; . due to its larger coefficient.
This finding underscores our design choice to client cluster
optimization directions with the global objective.

5 EXPERIMENTS

This section is divided into the following subsections. In the
first subsection, we elaborate on the learning tasks applied
with HFL and the corresponding data distribution. In the
second subsection, the detail settings of communication link
throughput and computational resources are explained. The
hyper-parameters and scenario settings of experiments are
listed in Table 3. In the third subsection, we list the detailed
metrics for co-optimization of cluster learning directions
and cluster round time and mark them as the solutions in
experiments. In the fourth subsection, two benchmark meth-
ods are documented with parameters aligned with notations
used in this paper. The motivation and scenarios for a fair
comparison between our solutions and the benchmarks are
also explained. In the fifth subsection, we show the results
of four sets of experiments, verifying the efficacy of our
methods with respect to the two benchmarks.

Definition Value

learning rate 0.004

global round time ¢, ~ {80, 90, 120, 150, 180}
feature collection time ¢,,, pn € {¢, skew} ty =80

not simulated
~ {4/ 7}
~ {750, 1250}

inter-cluster sync. time ¢4

classes per client /.

sample number standard deviation o

TABLE 3: Hyper-parameter and scenario settings

© Tracked by optics
Tracked by magnetic
signal with MLP 0.15+

Fig. 4: Illustration of the magnet dataset. Sensors are located in
the grids on the zy-plane. (a) Trajectory of the magnet tracked
by multi-layer perceptron (MLP) using magnetic signals, evalu-
ated with optically tracked trajectory. (b) Division of the track-
ing space for assigning virtual position label. Each subspace
is coupled with magnet’s two orientation category (elevation
angle of magnet’s north pole in [0,90°] or in (90°,180°]) to
create 8 virtual labels.

5.1 Learning Tasks and Data Partition

We apply the HFL solutions to categorical learning tasks
CIFAR10 [58] and a regression task of magnet tracking [59].
For each task, since the optimization direction is determined
by the data distribution across devices, we partition the data
to create variations in optimization directions.

For classification datasets like CIFAR10, we aim to vary
the data distribution among clients in terms of sample num-
bers and class availability. This is done in two stages. In the
first stage, we set an lower bound for the number of samples
per device, such that the standard deviation of sample sizes
across devices matches a target value. This is achieved
through quadratic optimization. In the second stage, we ran-
domly assign classes to each client, and distribute samples
to clients based on their individual availability of class. This
stage is performed using linear optimization with results
rounded to the nearest integer. We additionally include a
data partitioning scheme where samples of each class are
distributed according to a Dirichlet distribution. This ap-
proach similarly restricts the number of classes available on
each client, but unlike our controlled partitioning method,
it does not regulate the standard deviation of sample counts
across clients.

For the regression task of magnet tracking, infinite points
can be generated given a certain moving area of the magnet.
An illustration of magnet tracking is shown in Section 5.1
and 10% points with corresponding magnetic signals are
synthesized to create the dataset. Though the target of the
task is to output real numbers, we still divide the points
based on the position and orientation of the magnet and
assign them virtual position labels accordingly. For the
experiments in this paper, the data points are divided into 4
regions as shown in Section 5.1. Together with two divisions



of the magnet’s orientation, the magnet dataset now has 8
position labels. With the virtual position labels, the magnetic
signal dataset can be partitioned to devices in the same way
as in the classification task to create data imbalance. The
virtual label also serves as a sub-optional solution when
applying one of the benchmark solutions to the regression
task, which will be explained in Section 5.4.3.

Each partitioning and assignment of data samples of
certain distributions are done with different random seeds
in accordance with the randomization of environment con-
ditions introduced in the following section.

We adopt a simple convolutional neural network (CNN)
for learning CIFAR10 and an MLP with customized in-
put/output layers, with their model structures listed in
Appendix B. For CIFAR100, we use SqueezeNet [60] and
ResNet18 [61] as backbone models. The learning capacity of
the models is evaluated through centralized training. The
CNN achieves 62% accuracy on the CIFAR10 categorical
task, while the MLP attains a position error of 2.5 mm
and angular error of 3.2° in the magnet tracking regression
task. Using stachastic gradient descent as the optimizer,
ResNet18 achieves 50% and SqueezeNet achieves 60% of
testing accuracy on the CIFAR100 task.

5.2 Environment Settings

Inherited from the simulation platform in our previous
work [9], the computational resources per client and com-
munication link throughput in each D2D link can be dy-
namically adjusted at each simulation step.

In practice for HFL, the duration of a global round
is assumed to be selected according to the variability of
computation and communication resources, such that link
and computation statistics can be reasonably approximated
as stable within a round. In our experiments, we adopt
this modeling choice by randomizing both computational
resources and communication link throughput across global
rounds, while keeping them fixed within each round. For
specific environment dynamics, we conduct experiments
with different random seeds and report the average learning
performance. We list the settings of D2D links and variation
bound of computational resources in Table 4.

Exp. ID Set-la Set-1b/2  Set-3 Set-1 Set-2/3
Dataset CIFAR10 CIFAR10 ggjﬁ{ggo magnet  magnet
min

D2D link  ° 1 0/1 3 1

max

D2Dlink 3 5 5 3 5

min bat.

per step 10 10 5 80 80

max bat. 4, 10 15 80 80

per step

batch 16 16 16 32 32

size

TABLE 4: Environment/resource settings for experiments.

5.3 Evaluation Criteria

We choose at most two metrics, ! and p?, to evaluate in
Algorithm 2. A swap is considered valid if a deterioration
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of v in metric p! is compensated by an improvement of at
least za in uz, and vice-versa. Since all metrics (6, T, 6/T)
need to be minimized, we formulate the condition of a valid
swap (Line 12 in Algorithm 2) to be:

pt < (1+a)p and p? < (1 - za)u?,

with a > 0 and p! # u?.

For the selection of metrics, we experiment on the fol-
lowing options:

Solution 1.1: pair-wise optimization on § and T’

p'and p? € {0e, + 0y, Toy + Ty}
Solution 1.2: individual optimization on 6 and T

pland p? € {0.,T.}, Ve € {c1,ca}
Solution 2: pair-wise optimization on ¢ and 6/T

0 0

1 2 c1 co
d 0., + 0., — +
uoand L E{ 1 5 Tc1 TC2}

Solution 3: pair-wise optimization on T and 6/T'

1 2 001 002

poand i€ {T” g ¥ Tcz}
Moreover, we choose z = 1.05 for solutions 1.1, 1.2, and
2, and z = 1.8 for solution 3. ngy,p is set to 80. The
settings for z and ngy.p are grid-searched and we choose the
setting resulting in high evaluation accuracy simultaneously
in various data distributions. The grid search result for z and
Nswap are shown in Appendix C.1.

5.4 Benchmarks and Feature Substitutions
5.4.1 Benchmark A: Spectral Clustering

We adopt the spectral clustering method from [6] as Bench-
mark A. In this approach, the clustering feature vector
for each device combines its estimated round time with
pairwise model similarity values:

po P01 $idN )
Tl ol Nl - llowl

In the original formulation of [6], all communication occurs
over the device-server link, and clustering is performed
virtually at the server without physically partitioning the
network. Consequently, a device’s communication latency
is unaffected by its assigned cluster. For a fair compari-
son, we evaluate our solution against Benchmark A under
conditions where all D2D links are identical and static.
This ensures that the communication latency between each
device and its cluster head remains stable, as detailed in
Table 4 as settings for experiment Set 1a.

Moreover, the similarity matrix G for spectral clustering
is computed using:

Feature; = (

Gi; = exp (—||Feature; — Feature;||/207) ,

where devices with similar learning time and similar learn-
ing directions are grouped together, thus decreasing ¢; . and
increasing ¢. ;. We perform line search for the best perform-
ing o in Appendix Section C.2 and use the corresponding
value for Benchmark A in Section 5.5.1 experiments.



5.4.2 Benchmark A+: Adapted Spectral Clustering

The clustering approach in Benchmark A, which groups
devices with similar learning directions, is the opposite of
our solution. To validate our approach for HFL, we modified
the similarity matrix for spectral clustering to be the sum of
the time similarity and feature dissimilarity.

In this case, we have the time similarity matrix entry
computed as: G} ; = exp (—||t; — t;]|/207) , and the feature
dissimilarity matrix entry computed as:

sz = exp (||Feature] — Feature}|| /207, ) .

The similarity matrix for spectral clustering of Benchmark
A+ is then: G, ; = G i+ G . Here, clients with differing

learning directions have hlgher Gf i and clients with sim-
ilar computing time have higher G ;, leading them to be
grouped together in spectral clustering. We perform grid
search for the best performing o; and oy in Appendix
Section C.2 and use the corresponding value for Benchmark
A+ in Section 5.5.1 experiments.

5.4.3 Benchmark B: Clustering based on Label Distribution

We refer to the clustering method based on label distribution
[21] as Benchmark B, where a stricter version of swap
searching is applied with the cluster sizes fixed. The metrics
for evaluating cluster formation are defined as:

D Ipe(x) = py(x)],

*Elabels

skew, =

where p. () and pg(*) is the probability of sampling a given
label within cluster ¢ and in the global data distribution,
respectively. The computation of skew does not involve
gradients or model differences. Additionally, Benchmark B
assumes uniform D2D connections and an even partitioning
of data, while also disregarding the optimization speed of
learning devices. As a result, the clustering process in [21]
does not account for optimizing cluster round time. Rewrit-
ten into the format of our metrics selection, the original
Benchmark B can be expressed as:

p < p, p = skew,, + skew,,
. Generation . .
Feature Privacy Complexity Size  Pre-training
Original ¢ + ++ ++ yes
skew - - - no
@°roP ++ ++ + yes
F + + - no

TABLE 5: Comparison of substitutive features.

5.4.4 Feature Substitution

The aforementioned benchmarks do not compute or have
limited capacity estimating the round time of the formed
cluster due to the absent of D2D link condition in the op-
timization targets. However, with the inspiration of Bench-
mark B, we also derive substitutive features for determining
the alignment of optimization direction in Algorithm 2. The
substitutive features might have advantages in some aspects
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such as privacy preservation and low computation costs,
but might have limited/unreliable information to indicate
the optimization direction. In the later experiment section,
we compare the performance of the following substitutive
features:

Label Skew: the angle metric § between features ¢ is
replaced by skew in Algorithm 2 and Section 5.3. We append
the suffix skew to denote this variant.

Partial Information of ¢: the original feature vector ¢ is
of the same structure as the model x. Using ¢ to compute
angles in the swap-search algorithm can be prohibitive in
complexity when the number of parameters in ¢ is high.
Apart from the common techniques in compressing model
information, a subset of the information in ¢ might also
serve as an indicator of optimization direction. To this end,
we can select a few layers in ¢ where the number of
parameters are small in quantity, and denote the selected
feature as ¢°"°P and use it to compute §°P to replace 4 in
Algorithm 2. We add the suffix crop to our solution number
to denote such feature variation.

Random Model Prediction: as experimented in [7], the
inference results of clients using the identical random model
can be indicative of clients’ data distribution. Specifically,
with forward function denoted as 1, the prediction results
of any client averaged over randomly sampled data points:

1 1% /B
]:z: Z Zw(xvdj) d ND’L
1Dl i j=1

are used to compute the similarity between clients based
on the cosine distance: cos (F;, Fiv). In our algorithm, the
clients hold identical model after initialization (x°) and also
after each global aggregation round p. Therefore, we use
each x? to compute F on each client. We further derive F, =
Sicc, D5/ D and 7y = e, D5/ D toserve
as the alternative feature and use 67 W
to replace ¢ in Algorithm 2. Suffix pred is added to our
solution number to refer this solution.

We compare the features in terms of their privacy preser-
vation and computation overhead in Table 5

— arccos

Data Bench-  Benchmark Solution Solution
Distr. N mark A A+ 11 12

12:745 o (+4ﬁé?°/o) (ﬁéz/o) (+§%7'9%)
}';775 Cw w7 (+43?é%’/o) (é?é?/o) (+§.9é§’/o)
?6:2142 P (+4é§’/o> (i}i%/o) (+2f16.7%)
12:172 o0 a3 (+?§)/o) (é?dz%) (+§.92'3:)/0)
Dir(0.1) 30 411 (+4Aié§’/o) (féso/o) (+?1i57<’/0)
D05 30 98 (Tuo o (I osw

TABLE 6: Test accuracy after 2400 steps on CIFAR10 under
different data distributions with uniform D2D connections.
Percent change from Benchmark A is shown in parentheses.
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0.25 1 Ranking of acc.

—¥— 0.449 Our Solution 1.2
+— 0.447 Our Solution 1.1
0.440 Benchmark A+
0.421 Benchmark A

Ranking of acc.
0.428 Benchmark A+
+— 0.428 Our Solution 1.1
—¥— 0.427 Our Solution 1.2
0.411 Benchmark A
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Fig. 5: Accuracy evolution of Our Solution 1 vs. Benchmark A
on the CIFAR-10 dataset with various partitions, averaged over
10 trials. Shaded areas indicate the range across trials.

5.5 Results

5.5.1 Comparison with Benchmark A and A+
Data Bench-  Benchmark Solution  Solution
Distr. N mark A A+ 1.1 12
212745 ° 20 a0 (+4£é7(’/0) (é?ég/o) (+§.53'0°/o)
}';775 w0 s (+428.£%) (fé?’/o) (+i.99'9%)
ZZTW 20 418 H?&) mﬁi)(égm
ZZ?“ 20 478 @?%o (ﬁ@@ @%2)
Dir(0.1) 30 408 (+%iﬁ%) (+ii£@) (+i%z%)
Dir(0.5) 30 495 (+4(i'99°/0) (+52(.)é?>/o) (591'5%)

TABLE 7: Test accuracy after 2400 steps on CIFAR10 under dif-
ferent data distributions with heterogeneous D2D connections.
Percent change from Benchmark A is shown in parentheses.

In Table 6, we compare the performance of our solutions
1.1 and 1.2 against Benchmarks A and A+ in the categor-
ical learning task of CIFAR10, t; = 120 and tg = 80.
The communication link throughput between each pair of
devices is assumed to be uniform. Clusters’ round time is
then upper-bounded by the member device which needs the
longest time to finish computing. The modified Benchmark
A+ and both of our solutions are particularly advantageous
when data is unbalanced (I, = 4), with more than 6%
improvement in terms of final accuracy while taking 500
fewer steps (25% less time) to reach the test accuracy of
0.4. For the case of relatively balanced data distribution,
our solution reaches 80% accuracy of the centrally trained
model. We show the evolution of test accuracy under two
data distributions in Figure 5.

The difference between optimizing metrics of individual
clusters (solution 1.2) and optimizing metrics of a pair of
clusters (solution 1.1) is small, with solution 1.1 exhibits
more fluctuation in the evolution of test accuracy.

Benchmark A and its variation A+ do not have the
capacity to deal with heterogeneous link conditions between
clients. To verify this, we conduct the experiments with non-
equal link conditions (as Set 1b settings in Table 4) across
D2D links and have Benchmark A and A+ estimating the
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round time with computation time only. We present the
results in Table 7 and observe the general degradation of
performance of Benchmark A and A+ compared to the
results in Table 6 and the maintenance of performance of
our solutions.

Data Benchmark  Benchmark  Solution  Solution
Distr. A A+ 1.1 1.2
o = T50

I. =4 1.59 1.74 1.74 1.76
o = 750

I.=7 1.98 2.05 2.02 2.03
o = 1250

I.=4 1.49 1.71 1.75 1.75
o = 1250

I.=17 1.94 2.01 2.02 2.01
Dir(0.1) 1.58 1.65 1.74 1.75
Dir(0.5) 2.19 211 2.13 2.16

TABLE 8: Tested 5 3.1, % [F (x*~') — F (x?)] scaled by 10*

using different methods learning CIFAR10

To verify the convergence analysis in Section 4.2, we log
and compute the values of & 2521 2 [F (xr71) = F (x)]
and show them in Table 8 for the experiments conducted
with uniform D2D links. We noticed that the better perform-
ing methods generally have higher values in Table 8. This
is because the loss is reduced more with better performing
methods, and therefore resulting in higher values for each

F (xP~1) — F (xP), despite increasing w?.

Dir(0.1)

7/
=3 Benchmark A
1.0 3 Benchmark A+
I Our Solution 1.1
I Our Solution 1.2

16
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(a) Distribution of ||V F,(x?) — VF(x?)||
Dir(0.1)
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0.4
2
#
1

25
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0.2

0.0
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(b) Distribution of ||V F;(xP) — VF.(xP)||

Fig. 6: Scales of gradient mismatch of different method when
learning CIFAR10 under uniform D2D link condition and
Dir(0.1) data distribution.

We  further  verify that the bound for

+ 25:1 |VF (xp*l)H2 is lower due to our methods
effectively reducing cluster-global divergence. It is worth



Data Benchmark  Benchmark Solution Solution

Distr. A A+ 1.1 1.2
Average of | VF.(xP) — VF(xP)||

o =750

I.=14 7.63 4.25(0.56) 3.92 (0.51) 4.02(0.53)

o ="T750

I.="7 3.84 2.36 (0.62) 2.06 (0.54) 2.30 (0.60)

o= 1250

I.=4 7.81 448 (0.57) 5.13 (0.66) 4.98 (0.64)

o = 1250

I.=7 3.92 2.54 (0.65) 2.66 (0.68) 2.69 (0.69)

Dir(0.1) 9.67 5.78 (0.60) 5.81 (0.60) 5.98 (0.62)

Dir(0.5) 4.16 2.72 (0.65) 2.09 (0.50) 2.26 (0.54)
Average of | VF;(xP) — VF.(xP)||

o =750

I. =4 8.34 11.78 (1.41) 12.18(1.46) 12.07 (1.45)

o ="T50

I.=7 4.69 6.12 (1.31) 6.36 (1.36) 6.26 (1.34)

o= 1250

I. =4 8.08 11.76 (1.46) 11.84(1.47) 11.78 (1.46)

o = 1250

I.=7 4.57 6.05 (1.32) 6.20 (1.36) 6.14 (1.34)

Dir(0.1) 10.75 1497 (1.39) 1543 (1.44) 15.36 (1.43)

Dir(0.5) 5.63 7.03 (1.25) 7.28 (1.29) 7.23(1.29)

TABLE 9: Gradient mismatch on CIFAR10 with different data
distributions (relative to Benchmark A).

noting that 5-pe; . + ™f~el  in the upper bound of

Equation (11) is a rough estimation of the cluster-client
gradient mismatch error and cluster-global gradient
mismatch error. In practice, each ||[VF;(x?) — VE.(xP)||
and ||VF.(xP) — VF(xP)|| contributes to this type of
error cumulatively. To this end, at the beginning of each
global round p with global model x?, VF;(x?) is tested
with all data samples of client ¢ and then averaged with
corresponding weight to get VF.(x?) and VF(x?). We
show the statistical distribution of gradient mismatch
under the condition of the uniform D2D link Figure 6.
Furthermore, we list all the average of gradient mismatch
of experiments in various data distribution in Table 9. Our
method, along with Benchmark A+, achieves a greater
reduction in the cluster-to-global gradient mismatch
VF.(xP) — VF(xP)||, than the corresponding increase in
client-to-cluster gradient deviation, ||VF;(x?) — VF.(xP)].
Notably, for rmax > 4, our solution and Benchmark
A+ effectively reduce the combmed upper bound term
Lt L[VF, () — VEG)| + IVE() = VEG)]
We also notice that the gradient mismatch error is in
the scale of > 100, which is significantly larger than
i Zp 1 2 [F (x°) — F (x")]. Therefore, despite the
increase value of loss gap, our methods effectively reduced
the gradient mismatch, which is directly associated with
improved performance, as reflected in the higher test
accuracy reported in Table 6.

In Figure 7, we show the position and orientation error
of the regression task, with models trained over N = 24
devices and t; = t3 = 80. Devices are equipped with
magnet signals collected from a certain area corresponding
to the virtual label. We observe that to achieve any target
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Fig. 7: Error evolution of our solution 1 vs Benchmark A tested
on regression dataset with I. = 3, & = 12500.

error below 5 mm and 6°, Benchmark A requires around
two additional global rounds (320 more steps) compared
to our solutions. Consequently, our solutions reduce the
time to reach the target position error (5 mm) by at least
18% and the target orientation error (6°) by at least 16.7%,
respectively.

5.5.2 Criteria for Co-Optimization

In the following set of experiments, the throughput of D2D
links is varied after each global learning round, following
the configurations provided in Table 4 for experiment set 2.
In practical applications, a global learning round is typically
defined such that D2D links remain stable during the round.
To reflect this, we examine the applicability of our solutions
under different global round durations when training on
CIFAR10. We compare Solutions 1.1, 2, and 3, presenting
their overall learning progress in Figure 8 and highlighting
representative cases in Figure 8.

0=1250,/.=4,RT=120

o=1250,/.=4,RT=180

05 4 ; :
i
04 1 P i o~
i i i
Ranking of acc. Ranking of acc.
024 4 0.459 Sol 1.1 *— 0.465 Sol 3
+— 0.458 Sol 3 0.464 Sol 1.1

—¥— 0.450 Sol 2 —¥— 0.453 Sol 2

0.1 4

Dir(0.05), RT=120 Dir(0.05), RT=150

0.35 e = ——H
030 A s ‘ ﬁ”y
: : =
0.25 1 1 i 2
/ ; ; ” o
0.20 1 A -- Ranking of acc. 4 Ranking of acc.
0.361 Sol 1.1 / 0.364 Sol 1.1
0.15 18+ +— 0.349 501 3 +— 0.356 Sol 3
0.10 4 —¥— 0.343 Sol 2 —¥— 0.347 Sol 2

Dir(0.1), RT=120 Dir(0.1), RT=180

Ranking of acc.
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+— 0.431Sol 3

—¥— 0.426 Sol 2
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0 500 1000 1500 2000 2500 O 500 1000 1500 2000 2500

Fig. 8: Accuracy evolution of our solution 1.1, solution 2, and
solution 3 under different global round time, tested on CIFAR10
dataset selected partition.

We observe that optimizing the metric §/T tends to
favor configurations with a longer round time 7. Since
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Data RT=90 RT=120 RT=150 RT=180

Distr. 2 3 1.1 2 3 1.1 2 3 1.1 2 3
=750

I.=4 454 43.6(-39) 445(-2.0) | 46.8 44.6(-47) 46.1(-1.6) | 472 447 (-54) 46.7(-1.2) | 47.1 451 (4.3) 46.4(-14)
=750

1.=7 ‘ 499 479 (-39) 49.2(-1.3) ‘ 514 494 (-4.0) 50.7 (-1.5) ‘ 520 50.0(-3.9) 51.1(-1.8) ‘ 521 50.1(3.9) 51.0(-2.1)
o=1250

I.=4 448 43.7(-23) 446(-04) | 459 450(-2.1) 458(-0.3) | 46.6 452 (-3.0) 465(-0.2) | 464 453 (-2.4) 46.5(+0.2)
o=1250

1.=7 49.7 485(-24) 49.0(-14) | 51.3 50.1(-2.3) 509 (-0.6) | 51.8 50.3(-2.9) 514(-0.7) | 51.5 50.3(-2.4) 51.3(-04)
o=1600

I.=2 39.2 37.6(4.1) 383(23) | 39.8 38.7(-2.8) 392(-1.5) | 40.7 37.7(-72) 389(4.3) | 403 39.1(29) 39.6(-1.6)
Dir(0.05) | 348 32.7(-6.2) 33.7(-33) | 361 34.3(-48) 349(32) | 364 347(47) 356(21) | 354 335(-56) 34.0(-4.0)
Dir(0.1) | 427 41.1(-3.6) 420(-1.5) | 435 42.6(-21) 43.1(-0.8) | 441 427(-32) 44.0(-04) | 443 435(-1.7) 44.1(-03)
Dir(0.5) | 49.5 47.4(-4.2) 484(-24) | 509 48.6(-44) 49.7(23) | 514 49.2(-42) 50.1(-24) | 51.5 49.1(-47) 50.3(-2.3)

TABLE 10: CIFARIO0 test accuracy across various data distributions, with varying D2D connections.

Solution 2 does not explicitly constrain T, it results in low
learning efficiency due to fewer cluster learning rounds
and consequently fewer optimization steps. By contrast,
Solution 3 aims to encourage shorter round times, while also
regulates the learning speed of diverging clusters. This can
be particularly beneficial under extreme data imbalance, as
it leads to smoother and faster overall progress. However,
Solution 3 only outperforms Solution 1.1 in terms of the
final test accuracy under the specific setting where I, = 4,
o = 1250, and the global round time is 180 steps. Moreover,
as shown in Figure 8, the accuracy upper bound of Solution
1.1 remains consistently higher than that of Solution 3 after
2000 steps. This suggests that the intended role of Solution
3 —balancing learning-direction alignment with the number
of cluster rounds — has not been fully achieved.

positional error (in mm) angular error (in degrees)
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Fig. 9: Error evolution of our solutions 1.1, 2, and 3, tested on
regression dataset with I. = 2, o = 20000.

In the regression tasks (Figure 9), Solution 3 similarly
fails to surpass Solution 1.1. This may be due to insuf-
ficient imbalance in the regression dataset, as the virtual
position labels used to denote heterogeneity are inherently
inaccurate. We further discuss these observations and their
implications in Section 5.5.4.

5.5.3 Comparison with Benchmark B and Substitutive Fea-
tures

Directly sharing label distribution as in Benchmark B raises
potential privacy concerns. Despite this, we tolerate it for
evaluation purposes to compare the performance of our
solution with Benchmark B. We also show the variation of
our solution using skew to replace §. We also evaluate a

0=1250,I=4 Dir(0.1)

0.45 4
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L =
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0.15 +
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Fig. 10: Accuracy evolution of our Solution 1.1 with various

features vs. Benchmark B, tested on CIFAR1O dataset with
selected data partitions.

variant of our method where the skew metric replaces 6, as
well as two other feature substitutes, ¢“°P and F, described
in Section 5.4.4. Based on the evidence in Section 5.5.2 that
swap search with simple summed metrics (Solution 1.1 with
metric 0., 4+ 0.,, T¢, +T1,,) outperforms the alternatives, we
focus on the variations of Solution 1.1, namely Solution 1.1-
crop, Solution 1.1-skew, and Solution 1.1-pred. In addition
to modeling the dynamics of D2D links, we vary the com-
putational resources of each FL client as detailed in Table 4
for experiment set 3.

Since feature collection time in Benchmark B and our so-
lutions with feature variants may differ in practice, we now
compare the accuracy performance of the methods with
respect to the number of global learning rounds (¢, = 100
steps).

In the CIFARI10 classification task, all D2D links are
kept active, with a minimum link throughput greater than
zero. Our solution is run for R = 16 global rounds, and
its final accuracy is used as the target. Other methods are
allowed to run for additional global rounds if necessary
to reach or surpass this target accuracy. To estimate the
number of global rounds required for each method (Rmethod,
where method € 1.1-pred, 1.1-skew, 1.1-crop, Benchmark B)
to achieve the target, we use Piecewise Cubic Hermite
Interpolating Polynomial (PCHIP) interpolation [62].

With the computed number of rounds, we further in-
corporate the inter-cluster synchronization time t._,4. Al-



ty =50 cannot
Target outperform  outperform

Data partition acc. Rger when when
Dir(0.1) | 434 | 16.7 tgoor <43.0  ty <53
Dir(0.5) | 51.1 | 16.8 tpoor <419ty <6.1
o=750,I.=4 | 452 | 174 tgeoor <36.0  ty <11.0
oc=750,I.=7 | 501 | 16.7 tooop <42.7  t4 <5.5
o=1250,I. =4 | 448 | 164 tpoop <46.0  ty <2.9
0=1250,I.=7 | 496 | 16.1 tgoor <48.6  ty <1.0

TABLE 11: Conditions for Solution 1.1-crop to outperform the
original solution 1.1 when ¢, = 100, t.—,4 = 30, and Ry = 16

though not explicitly simulated, it occurs at the end of each
global round for all methods. We introduce t._,, to assess
the feasibility of specific ¢4 values. Since both t._,, and ¢4
involve transmitting models from devices to the server and
are therefore comparable in magnitude. For example, when
tc—g is set to 30 steps, making synchronized device-server
FL prohibitively expensive, t4 should be slightly higher
(e.g. 50 steps) because it also includes local optimization in
addition to all devices sending information to the server.

The condition for another method to outperform our
solution can then be expressed as:

R¢ . (t¢ +it,+ tc_>g) > Rinethod * (tft. +it5+ tc_>g),

where ty; is the time required for clients to compute their
features and send them to the central server. Specifically, we
have tgaop for Solution 1.1-crop, tskew for Benchmark B and
Solution 1.1-skew, and ¢+ for Solution 1.1-pred.

Moreover, if ¢, is not fixed, we can compute its value
such that the outperforming condition becomes:

Ry
Rfmethod
which rules out the possibility of the other method surpass-
ing our solution under the given settings.

Since ¢“"°P requires pre-training to generate while other
features do not, we report the corresponding threshold
values in Table 11 and Table 12. In experiments listed in
Table 11, the model updates corresponding to the smallest
convolutional layer of the CNN are cropped out to form
the feature ¢“™°F. We observe that using ¢“°P generally re-
quires approximately one additional global round to achieve
performance comparable to the original feature. The cor-
responding outperforming time threshold (tg4«r) is easily
attainable, given that ¢“P is only 0.7% of the size of the
full feature vector ¢.

In experiments listed in Table 12, Benchmark B performs
the worst among all methods, requiring roughly five ad-
ditional global rounds to reach the target accuracy. This is
because Benchmark B forms clusters without considering
link conditions, resulting in clusters that may have aligned
optimization directions but long cluster round times. By
contrast, incorporating link and computational conditions
for joint optimization, as in Solution 1.1-skew, accelerates
learning and reduces the number of global rounds needed
to reach the target accuracy. We also observe that Dirichlet-
distributed data poses a greater challenge for substitutive

tre. < ’ (t<l5 +itg+ tc—>g) - (tg + tc—>g) <0,
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Fig. 11: Accuracy evolution of Solution 1.1 with different fea-
tures vs. two benchmarks on CIFAR100.

features that require no pre-training (skew and F), resulting
in their slower learning progress compared to other data
partitions. Using F as a clustering feature is generally less
effective than using skew, on average requiring one addi-
tional global round to reach the target accuracy, although
it has the advantage of preserving client privacy. Both
skew and F are lightweight features; however, generating
F requires multiple rounds of inference, making it more
challenging than using skew to meet the time threshold
needed to outperform the original Solution 1.1.

We further evaluate the methods on CIFAR100 and
the magnetic trace dataset. In Figure 11 and Figure 12,
we present results on CIFAR-100 under challenging het-
erogeneous settings, where each class is distributed across
80/100/200 devices following a Dirichlet distribution with
a = 0.05 and 0.1. Due to the prohibitive size of the full
feature vector ¢, we exclude it from swap-search and instead
use its cropped version ¢“°P, obtained from the smallest
four convolutional layers (1.086% of full layers in ResNet-
18, 0.063% in SqueezeNet). Accuracy is evaluated at each
global round.

In Figure 11a, all solutions use the same feature collec-
tion time. Here, ¢"°P proves effective: Benchmark A with
@°P performs equivalently to the original Benchmark A,
while Solution 1.1-crop, which integrates ¢“°P into the swap
search algorithm, achieves superior performance. However,
in Figure 11b, Solution 1.1-crop’s early advantage from
training to obtain ¢“°P diminishes once the global model
reaches an accuracy of 0.2. Under such highly non-IID
conditions, the label distribution (used to compute skew)
provides a more reliable optimization signal than either
F or ¢“°P, as Benchmark B eventually surpasses both So-
lution 1.1-pred and Solution 1.1-crop. This conclusion is
further supported in Figure 12. When D2D links are always
available (Figure 12a), Benchmark B eventually catches up
with Solution 1.1-crop despite ignoring link topology. In
contrast, when D2D links are intermittently unavailable, co-
optimizing learning direction and link topology becomes
critical, with variants of our proposed solutions clearly
outperforming Benchmark B in this setting.

For regression tasks, the label skew in Benchmark B
was originally designed for classification. To adapt it, we
incorporate virtual position labels to form unbalanced dis-
tributions for clustering in Solution 1.1-skew. As shown in
Figure 13, our original solution significantly outperforms



if ty = 50

if ty = 50
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cannot cannot cannot

Target outperf. outperf. outperf. outperf. outperf. outperf.
Data partition acc. Rp when when Ri1prea  when when Riiskew When when
Dir(0.1) | 434 | 223 / ty <514 | 22.3 / ty <51.0 | 212 tskew <6.2 ty <419
Dir(0.5) | 511 | 226 / ty <533 | 211 tr <6.6 ty <413 | 210 tokew <7.2 ty <40.5
o="750,Ic =4 | 452 | 212 tgew <57 ty <424 | 208 tr <8.6 ty <389 | 192 toew <20.3  ty <257
o="750,Ic =7 | 501 | 216 toew <35 ty <453 | 206 tr <9.8 ty <374 | 199 tokew <14.8 4 <31.6
0=1250,Io =4 | 448 | 204 igew <111 45 <359 | 202 tr <124ty <343 | 190 tokew <212ty <247
0=1250,Ic =7 | 49.6 | 209 tgew <77 ty <40.0 | 201 tr <136 1y <329 | 193 toew <189  ty <27.1
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TABLE 12: Outperforming conditions for methods with no-training features vs. Solution 1.1 when ¢, = 100, t.—4 = 30, and Ry

Dir(0.1) Dir(0.1)

0.26 1 0.24 4

0.20 A

0.16

Acc. after 68 rounds
018 4 —— 0.256 Sol 1.1-skew 0.12
0.253 Sol 1.1-pred
~—— 0.251 Sol 1.1-crop
—— 0.250 Benchmark B

Acc. after 68 rounds
—— 0.252 Sol 1.1-skew

0.244 Sol 1.1-pred
~—— 0.241 Sol 1.1-crop

0.08 1 —— 0.239 Benchmark B

20 30 40 50 60 10 20 30 40 50 60

(a) D2D links always available  (b) intermittent connectivity

Fig. 12: Accuracy of Solution 1.1 with different features vs.
Benchmark B on CIFAR100 with Squeezenet across 200 clients.

Solution 1.1-skew, requiring substantially fewer rounds to
reach the target error. This highlights that the feature ¢
provides a more reliable indicator of learning direction than
synthetic labels derived from regression targets.
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Fig. 13: Error evolution of our solution 1.1 vs solution 1.1-skew,
tested on regression dataset with 7. = 3, 0 = 12500.

5.5.4 Discussion

Reasons for Solution 3’s Suboptimal Performance Out
of all the experiments in Table 10, our solution 3 only
outperforms solution 1.1 in one case (¢ = 1250, I, = 4,
RT = 180). Moreover, in the regression task presented in
Figure 9, solution 3 also exhibits an clear disadvantage. This
all shows that we need to better scheme to control the error
in cluster-global gradient divergence. In Equation (10), we
notice that the accumulated error is not only proportional
to the number of cluster rounds r, but also the number
of optimizations h performed by the clients inside a clus-
ter. Furthermore, the cluster-global divergence €., is the
scale of the vector difference and squared, while in our
solution the difference is represented with angle difference

6 = arccos % The disparity of the representation of
cluster-global divergence in theory and in practice might be
the reason for the sub-optimal performance of our solution
trying to control the accumulated error originated from
cluster-global divergence.

Choice of Substitutive Features: When using other
features in categorical tasks, although achieving feew < 20
is feasible due to the much smaller data size compared
to model transmission, it remains challenging when the
device-server link is primarily limited by access delay —
an expected difficulty since all devices must communicate
with the server. The feature collection time for F is expected
to be longer than ¢y, since it involves model inference,
therefore making it harder to outperform the original solu-
tion. However, if privacy is a critical concern and the client-
server link is also severely limited, using F as the feature
is a good candidate since it preserves privacy and is also
light in data size. For simpler tasks where the optimization
progress in a couple of layers can reasonably indicate the
general optimization direction, ¢“*°P is also a nice substitute
to preserve privacy as well as facilitate feature collection.

Complexity of Swap Search is theoretically O(N?)
based on Algorithm 3. For the case of extremely large NV,
we suppose the size of the cluster also grows along N.
According to the law of large numbers, when the number
of clients in a cluster is large, the data distribution of
the cluster also gets close to the global data distribution.
Therefore, we just need a few more rounds of swap search
to avoid slow links in some clusters. Moreover, we can also
start with the result of reverse-spectral-clustering (clustering
dissimilar clients together), then use swap search method
to adjust cluster configuration to avoid slow links inside a
cluster. The swap search is also facilitated by using smaller
substitutive features such as ¢“°P and F. Taken together,
the combination of substitutive features, heuristic initial
clusters, and limited swaps to solve bottleneck links ensures
that the swap-search algorithm remains feasible in both
computation and communication..

Method against Byzantine attacks: Common techniques
against model poisoning can be implemented along with
our solutions. As for the clients reporting false information
about the D2D link throughput, the issue can be addressed
by comparing if the link throughput between a pair of
clients are identical in both directions. In other words, if
the matrix of transmission time between clients are not
symmetrical diagonally, the false link information reported
by malicious clients can be detected. As for clients reporting



true link information, but later limit their bandwidth in
intra-cluster synchronization, the head of the cluster can also
detect and report this to the server and then excluding the
malicious clients in later rounds.

6 CONCLUSION

In this paper, we proposed a co-optimization scheme to
address learning devices’ heterogeneity of HFL in D2D net-
works. Our solution forms clusters of devices that achieve
fast synchronization while ensuring their optimization di-
rection remains aligned with the global learning direction.
To support our method, we provide a convergence anal-
ysis that highlights the need to address the misalignment
between cluster learning directions and the overall global
learning process. Extensive experiments on both classifica-
tion and regression tasks confirm the effectiveness of our
approach. Under uniform D2D links, our method improves
classification accuracy by around 6% and reduces the time
to reach target error in regression tasks by at least 16%
compared with Benchmark A. In realistic heterogeneous-
link scenarios, where Benchmark A cannot be applied, we
investigated multiple optimization metrics and substitutive
feature designs and identified methods that are privacy
preserving and meet the possible network constraints. These
results establish our method as an efficient and generaliz-
able framework for scalable HFL in D2D networks.

Future research directions include refining clustering
algorithms with stage-aware strategies to different phases
of learning, extending the framework to parameter-server
and edge-assisted HFL architectures through bandwidth-
aware virtual clustering or intra-cluster client selection,
and enabling hopping/client-selection within clusters to
enhance efficiency and robustness. Additional directions
include developing defenses against malicious manipula-
tions of link or resource information, and integrating real-
world measurements and hardware evaluations to validate
performance under practical deployment conditions.
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APPENDIX A

DETAILS OF PROOF OF CONVERGENCE ANALYSIS

A.1  Bounding Difference between Global Model x”~' and Client’s Intermediate Model x;’ ¥ in Equation (9)
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Integrate Equation (15) into Equation (12), and based on ‘
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A.2 Bounding Difference between F' (x”) and F (x~!) in Equation (7)

Decomposing the superpositioned terms in the vector product, we get:
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Integrate Equation (8) and Equation (18) into Equation (17), we get:
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To eliminate the second term, we choose «y so that yLr.h; < 0 is always satisfied, namely v < m
Plug the result of Equation (16) into Equation (19) and use Assumption 4.3:
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To simplify the first group of coefficients for G*, choose v < ¢
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Integrate all the simplified coefficients from Equation (21) to Equation (27) into Equation (20) and rearrage, we can get:
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A.3 Bound on the Average of Global Round Gradients
Therefore, for each global round p, we have:
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This does not ehmlnate the middle terms (F (x?), p = 1,..., P — 1), but enables us to have an accurate testing of the
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Divide both sides by w™" /2, add up the term from p = 1 to P, and finally divide both sides by P, we can get:
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APPENDIX B

MACHINE LEARNING MODEL STRUCTURE
B.1 Convolutional Neural Network for CIFAR10 Classification
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TABLE 13: Model Structure for CNN used for CIFAR10 classification

Layer Parameters Input Layer
convl out_channel=6, kernel_size=5, padding=0 data

activationl ReLU convl

poolingl pool_size=2, stride=2 activationl
conv?2 out_channel=16, kernel_size=5, padding=0 poolingl
activation2 ReLU conv2

pooling?2 pool_size=2, stride=2 activation2
flatten / pooling?2
fully_connected1 output=120 flatten
activation3 ReLU fully_connected1
fully_connected?2 output=84 activation3
activation4 ReLU fully_connected?2
fully_connected3 output=10 activation4

B.2 Multi-layer Perceptron for Magnet Positioning

TABLE 14: Model Structure for MLP used for Magnet Positioning

Layer

Parameters

Input Layer

Input_transformation

Root order: 3

data (48 x 1)

fully_connected1

output=2048

Input_transformation

activationl ReLU fully_connected1
fully_connected?2 output=2048 activationl
activation2 ReLU fully_connected?
fully_connected3 output=2048 activation2
activation3 ReLU fully_connected3
fully_connected4 output=6 activation3
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APPENDIX C
HYPER-PARAMETER SEARCHING

C.1 Grid Search for Parameters in Swap Search Algorithm 2

We conduct a grid search over the parameters z and ngyap in the swap search algorithm for Solution 1.1 and Solution 3
under two different data partitioning schemes:

1) optimization-based partition with I, = 4, o = 750;
2) per-class partition following a Dirichlet distribution with o = 0.1.

For each pair of (2,ngwap), We run experiments five times with different random seeds and corresponding data
partitions. The final test accuracy averaged over these five trials is shown in the heatmap in Figure 14. The results suggest
that the best-performing parameter choices are somewhat sporadic across different settings. To further evaluate stability,
we also report the average test accuracy across all global rounds in Figure 15.

Based on these results, we select 2 = 1.05, nswap = 80 for Solution 1.1, and z = 1.8, nswap = 80 for Solution 3, which
provide consistently good performance across both data distributions.

We omit grid search for Solution 2 since this method implicitly allows longer cluster round times, which discourages
additional local optimization steps and therefore does not yield results comparable to Solution 1.1 or Solution 3. In the
experiments, z = 1.05, ngyap = 80 is used for Solution 2.

0=750,/.=4,50l 1.1 o=750, /.=4,Sol 3
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Fig. 14: Heatmap of final testing accuracy for different settings of z and nswap in swap search algorithm.

C.2 Grid Search for Parameters in Spectral Clustering Section 5.4.1 and Section 5.4.2

For Benchmarks A and A+, we also conduct parameter tuning.

For Benchmark A, we search over the parameter space {0.5,0.8,1.0,1.5,2.0} for 0. Each candidate value is evaluated
over five random trials, and the averaged final test accuracies are visualized in the heatmap in Figure 16. Based on these
results, we select o = 0.5 for data distributions with I, = 4, and o = 1.5 for data distributions with I, = 7 or those
following a Dirichlet distribution.

For Benchmark A+, we perform a grid search over parameter pairs (o, 0f;.), again averaging results across five random
trials per setting. The corresponding heatmap of final test accuracies is shown in Figure 17. From these experiments,
we select 0; = 0.5,0;. = 0.8 for data distributions with I. = 4; 0 = 1.0,04; = 0.8 for those with I. = 7; and
oy = 1.5, 05 = 1.0 for Dirichlet-distributed data.
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Fig. 15: Heatmap of averaged testing accuracy over all global rounds for different settings of z and nswap in swap search algorithm.
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Fig. 16: Heatmap of final testing accuracy for different settings of o in original spectral clustering solution.
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Fig. 17: Heatmap of final testing accuracy for different settings of o; and o;. in adapted spectral clustering.



