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AndreasWillig

Mo dule Summary

� In this modulewe discussbasicsof workload (and error) modelingaswell
as selectedexamplesof speci�c models

� Acknowledgements: some slides have been inspired by Holger Karls
lecture \Leistungsbewertung und Simulation"

http://wwwcs.uni- paderborn .d e/ cs/a g- kar l/ te achin g/ ws0405/v l- lbs im.h tml
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Overview

� Overview on Workload Mo deling and Generation

� Trace-drivenSimulation

� Fundamentalsof SyntheticWorkloads

� IID Sequencesof RandomVariates from well-known Distributions

� IID Sequencesof RandomVariates from EmpiricalDistributions

� SelectedTra�c Modelsbasedon StochasticProcesses
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Overview on Workload Mo deling and Generation

� The workload is a key component of any performancestudy

� Requirements:

{ Speci�ed in terms of servicesof the system under study: types,
interarrival times, and resourcedemandsof servicerequests

{ Representative
{ Relevant:

� To �nd the maximumthroughput you haveto saturatethe system
� To test a congestioncontrol algorithm you needcongestion
� To test convergencespeed of an adaptive algorithm you need

workload variations
{ Reproducible
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Overview on Workload Mo deling and Generation II

� \Real-world" workloadstypicallyhaverandomcomponents,e.g. random
inter-arrival times

� Two fundamentaltypesof workloads:

{ \Real workloads" / traces
{ Syntheticworkloads: arti�cially generatedstochasticprocesses
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Trace-driven Simulation

� Basic idea:

{ Conducta measurementat a real system,observethe servicerequests
(type, arrival times, resourcedemands,further parameters)

{ Saveall this into a log�le / trace�le
{ Feedthe simulationfrom the trace�le

� Example:to obtain an Ethernetworkload,you canusetools like tcpdump
or ethereal

� The real systemmust be availableand accessibleto obtain traces
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Advantages of Trace-driven Simulation

� The workload is \realistic", which increasescredibility of your results

You don't needto �nd (and to defendyour choice)appropriate parameterslike for syntheticworkloads

� The workload has full stochasticcomplexity: correlations, instationarity,
changingdistributions, . . .
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Disadvantages of Trace-driven Simulation

� Trace�les can grow large, making their handlingrather clumsy

� You needseveraltrace�les to representdi�erent workloads

A singletrace representsjust a singleoperationalscenario of the system

� How to scalea workload, e.g. how to increasethe number of stations
sharing a commontransmissionmedium?

The \obvious" approachof makinginterarrival timessmallerby a factor doesnot work, becausein a real

Ethernetmore collisionswould result, which, however,would not show up in the trace
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Disadvantages of Trace-driven Simulation

� How to obtain independentreplications?

� Tracescould not react on feedbackfrom the underlyingsystem,they are
open loop

Example: running TCP over a recorded Ethernet trace would changethe packets on the network, and

TCP is in turn in
uenced by the packets
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Fundamentals of Synthetic Workloads

� Syntheticworkloads are an alternativeto traces

� The workload is generatedby a dedicatedpieceof software (simulation
module) which createsa stochasticprocessout of randomvariates

� As compared to a trace, the stochastic processesused in workload
generationcan be characterizedby very few parameters

� Example:a Poissonprocessis characterizedby a singleparameter� > 0
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Fundamentals of Synthetic Workloads II

� When designinga syntheticworkload, we either:

{ Look for prescribed theoretical properties,e.g.:
� Self-similarity / long-rangedependencein tra�c models[11]
� Burstinessin channelerror models
� Physicallyjusti�ed processes(Poissonarrivals, normally distributed

aggregatearrival rates)
{ or want to share certain statisticswith measuredtraces:

� Mean / varianceof interarrival times and resourcedemands
� Correlationsamonginterarrival times, higherorder statistics
� . . .
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Fundamentals of Synthetic Workloads III

� Most commonly used stochastic process in workload modeling: a
sequenceof iid randomvariablesfor interarrival times (renewal process):

{ Advantages:conceptuallysimple,easyto implement
{ Disadvantages:

� Correlation not modeled (network tra�c is often long-range-
dependent)

� If the parametersof the randomvariableshaveto be estimatedfrom
a trace (from observations),we have to assumeiid observations
which is often not true
Example:interarrival times of http get requestsare grouped due to embeddedobjects

� Evenwhen later on more complexstochasticprocessesare used,the iid
sequenceis often a reasonable\�rst shot"
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Fundamentals of Synthetic Workloads IV

� Many real workloadsneedmore complexstochasticprocesses:

{ Video / audio / speechsources
{ WWW tra�c arriving at a web server
{ Network tra�c on an Ethernet link
{ Industrial processdata (alarm storms)
{ Databaseaccesspatterns in an ERP system
{ Memory accesspatterns in scienti�c applications
{ . . .

� Designingsuitablestochasticprocessesfor theseworkloadsis an art and
an area of active research { we will brie
y discussa few models
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Fundamentals of Synthetic Workloads V

� Basicdesignparameterfor iid sequences:the commondistribution

� When generatingiid sequencesthere are two possibilities:

{ We havemeasureddata at hand: infer a distribution
{ We don't havedata at hand: guessa distribution

� When we havemeasureddata, there are two possibilities:

{ Usea well-known theoretical distribution, estimateits parameters
{ Usea so-calledempiricaldistribution which usesthe data directly
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Why choosing a Distribution at all?

� . . . Insteadof just usinga �xed value,e.g. the meanvalue?

� Example: the steady-stateexpected number of customersin a M/G/1
queueingsystemis

E [N ] = � +
� 2(1 + C2

B )
2(1 � � )

supposewe want to model the servicetimes:

{ Whenusinga �xed value(always the expectation), we havea M/D/1
queue:
� = 0:99 =) E [N ] = 99

{ When usingthe exponentialdistribution, we havea M/M/1 queue:
� = 0:99 =) E [N ] = 197:01.
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Guessing a Distribution

� The situation is: we haveno data at hand, but haveto comeup with a
suitabledistribution for the iid sequence

� We might apply a-priori knowledge about the workload and certain
heuristics:

{ Interarrival times are always non-negativeand �nite =) normal
distribution is no candidate

{ If the data is known to be within somerange [a;b], then a uniform
distribution U(a;b) might be a candidate

{ If the range is �nite ([a; b]) and a particular value c 2 [a;b] occurs
most frequently, then a triangular distribution could be chosen

{ If the range is �nite and you want to vary vary mean and variance
arbitrarily within this range,choosea Beta distribution

Workload Modelingand Generation,slide17



AndreasWillig Fundamentalsof SyntheticWorkloads

Guessing a Distribution II

� Whenthe arrivalscanbe thought of ascomingfrom a largepopulationof
independentindividuals,eachof whicharriveswith smallprobability (e.g.
customersarriving to a bank) =) Poissonarrivals =) exponential
interarrival times

� A quantity is the sumof a large number of more or lesssimilar (and not
necessarily independentcomponents) =) normal distribution (due to
central limit theorem [CLT])

� If you want to compare simulation resultswith analytical results =)
exponentialdistribution
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Guessing a Distribution III

� In certain application areas there are some \standard" distributions;
examples:

{ Reliability investigations,lifetimesof devices:
� Weibull
� Pareto

{ Taskcompletiontimes:
� Gamma
� Weibull
� Lognormal
� Pearson
� Log-logistic

� You can �nd an excellentoverviewon these(and other!) distributionsin
the book of Law and Kelton [10, Chap. 6]
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Generating IID Sequencesof Random Variates from
Well-Known Distributions

� The situation is: There is data availableand we want to �nd a well-
known theoretical distribution (normal, exponential, binomial, Bernoulli,
geometric,. . . ) that \�ts" the data \b est"

� There are three stepsinvolved:

{ Identify candidatedistribution (normal vs. exponential vs. . . . )
{ estimatethe parametersfrom the observations
{ determine how good the estimated distribution �ts your data

(\Goodness-of-�t tests")

If the test is not satisfactory, go back to �rst step
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Advantages and Disadvantages of Choosing Well-Known
Distributions

� Advantages:

{ All the standard distributionshaveonly very few parameters
{ The rangeis not arti�cially restrictedlike for empiricaldistributions
{ It is typically easyto changethe workload characteristics(e.g. double

the arrival rate) by adjustingthe distribution parameters

� Disadvantages:

{ Empirical data always has a �nite range, a theoretical distribution
might well havean in�nite range{ is this always appropriate?

{ Sometimes no theoretical distribution seems applicable; example:
packet sizedistribution in an Ethernet
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Notation

� Be y1; y2; y3; : : : ; yn the measuredobservationsor samples

� Theseare realizationsof the randomvariablesY1; Y2; Y3; : : : ; Yn

� The minimum observationis ymin , the maximumymax

� Be y(1) the smallest observation(= ymin ), y(2) the second-smallest
observation,. . . , and y(n ) the largest observation(= ymax )

� The samplemeanand samplevariance of the observationsare:

b� =
1
n

nX

i =1

yi ; S2(n) =
1

n � 1

nX

i =1

(yi � b� )2
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Notation II

� The samplecoe�cient of variation (CoV, de�ned only for non-negative

continuousrandomvariables)is just
p

S2(n )
b�

� The sampleskew of the observationsis:

Skew(y1; : : : ; yn ) =
1
n

nX

i =1

 
yi � b�

p
S2(n)

! 3

The skew is a measureof symmetry of a distribution: symmetric
distributionshavea skew of 0
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Notation III

� Under the assumption that the process generating the observations
is wide-sense-stationary, we can compute the empirical coe�cients of
correlation:

b� j =
cCj

S2(n)

cCj =
1

n � j

n � jX

i =1

(yi � b� )(yi + j � b� )

If j b� j j > 0:2 the variablesY0 and Yj are said to be strongly correlated,
otherwisethey are weaklycorrelated; if j b� j j � 0 they are uncorrelated
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Notation V

Reminder:a stochasticprocess(X t ) t 2 T is calledcovariance-stationary or wide-sensestationary, whenthere
exist � 2 R and � 2 < 1 suchthat:

1. E [X t ] = � for all t 2 T

2. Var [X t ] = � 2 for all t 2 T

and furthermore
Ct 1;t 2 = Ct 1+ s;t 2+ s = C0;t 2� t 1 =: 
 ( t 2 � t 1)

for all t 1; t 2 2 T and all permissibles, whereCt 1;t 2 = Cov
h

X t 1; X t 2

i
is the covariancebetweenX t 1

and X t 2. For T = N0 the autocorrelation function is de�ned as:

c(k ) =

 (k )


 (0)
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Notation V

� Be X a randomvariablehavingthe desiredwell-known distribution, F (�)
the distribution function of X and f (�) its density
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Remember: Three Steps

� Identify a candidate class of distributions (e.g. normal N (�; � 2))

� Estimatethe parameters(here: � , � 2) from the observations

� Determine how good the estimated distribution �ts your data
(\Goodness-of-�t tests")
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Finding a Candidate Class of Distributions

� This is more or lessa heuristicprocedure

� We can usesomeof the rulesfor guessinga distribution to obtain hints:

{ Large populationof independentcustomers:exponential,Poisson
{ Canbe representedasa sumof a largenumber of components:normal
{ Number of independenttrials neededuntil success:geometric
{ Number of successfultrials out of m total trials: binomial
{ If the data is known to be heavy-tailed(e.g. �le sizes):Pareto

� We can alsousesummary statisticsand rangeof the observations

� But the most important tool is the histogram: look whether the shape
of the histogramlooks familiar to you
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Using Summary Statistics

� Look at the range:

{ Non-negative =) normal distribution is not a candidate
{ Naturally bounded =) distribution with �nite support like uniform,

triangular, Beta, . . .
{ Large valuesoccur and the sampleCoV is large =) might be a

heavy-taileddistribution =) Pareto
{ Large valuesoccur, large samplevarianceand a signi�cant \spike" at

the left =) (shifted) lognormal
{ Only positivevaluesand samplecoe�cient of variation is closeto one

=) exponential
{ Only positive valuesand samplecoe�cient of variation larger than

one =) Gammawith � < 1 or Weibull with � < 1
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Using Summary Statistics II

� Canwesynthesizea distribution from componentdistributions?Example:
Ethernet tra�c is typicallycomposedfrom:

{ web tra�c
{ NFS / SMB tra�c
{ telnet / sshtra�c
{ ARP, DNS, etc.

Eachof this protocolshasits own typical packet sizedistribution

� Samplecoe�cient of variation is closeto zero =) \deterministic"

� If the samplemean is closeto the samplemedian(50% quantile) then
the distribution might be symmetric(you shouldalsotest the skewness!)
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Histograms

� The range[ymin ; ymax ] is partitioned into k intervalsor bins

[a0; a1); [a1; a2); [a2; a3); : : : ; [ak � 2; ak � 1); [ak � 1; ak ]

suchthat:

{ a0 < a1 < a2 < : : : < ak � 1 < ak

{ a0 = ymin , ak = ymax

� For eachinterval I i = [ai ; ai +1 ) �nd the number f i of observationsthat
are within I i ; the f i 's are calledfrequencies(n =

P k� 1
i 0

f i )
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Histograms II

� The relative frequenciesare givenby:

hi =
f i

n

� The relative frequenciesare plotted (using e.g. gnuplot ) and hopefully
the plot inspiresyou to choosethe right distribution

� There are not much rules for the choiceof the interval widths, one rule
of thumb is to take care to haveat least�ve observationsin eachinterval

Sturgesrule: k equal-sizedintervals,choosek ask = b1 + log 2 n c

� But likely you haveto experimentwith di�erent interval widths
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Remember: Three Steps

� Identify a candidateclassof distributions(e.g. normal N (�; � 2))

� Estimate the parameters (here: � , � 2) from the observations

� Determine how good the estimated distribution �ts your data
(\Goodness-of-�t tests")
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Parameter Estimation from Observations

� We haveto assumethat the observationsare realizationsof iid random
variablesY1; Y2; : : : ; Yn , we denotethis as iid observations

� We want to estimatethe parametersof the commondistribution function
F (�) from the iid observations[9]

� In the previousstepwe haveidenti�ed a candidateclassof distributions,
from which we know which parametersmust be estimated; Example:
if the candidateclassis normal, we need to estimate its mean � and
variance� 2
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Parameter Estimation: Testing Assumptions

� Before blindly applying one of the following methods, you should test
your assumptions:

{ Look at the samplecorrelations b� k of your observations
{ If for somek b� k > 0:2 holds,there is signi�cant or strong correlation
{ If you haveweak correlation (� k � 0:2 for all k) this does not imply

independence,but we take it as a \good sign" and are satis�ed
{ If only for very few lagsj b� j j � 0:2, we might be willing to acceptthis
{ Otherwise, if we �nd any j with j b� j j < 0:2, we might drop all

observationsexcept y1; yj +1 ; y2j +1 ; y3j +1 ; : : : and try our luck again
with the remainingobservations
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Parameter Estimation: Metho d of Moments

� If F (�) is the (to be parameterized)distribution function for the desired
randomvariable X , we equate:

E [X ] = b� ; Var [X ] = S2(n)

(and highermoments,if necessary)

� If we are lucky, the parametersof F (�) couldbe found whengivenE [X ]
and Var [X ]
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Metho d of Moments { Examples

� The theoretical distribution is exponentialwith parameter� > 0:

{ =) F (x) = 1 � e� �x

{ =) E [X ] = 1
�

Therefore, the approachE [X ] = b� givesimmediately

� =
1
b�
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Metho d of Moments { Examples II
� The theoretical distribution is lognormal with parameters� and � 2:

{ X � LN (�; � 2) i� log(X ) � N (�; � 2)
{ For meanand variancewe have:

E [X ] = e� + � 2
2 ; Var [X ] = e2� + � 2

�
e� 2

� 1
�

� We start from:

b� = e� + � 2
2

=) log b� = � +
� 2

2

=) � = log b� �
� 2

2
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Metho d of Moments { Examples III

We usethis in the secondequation:

S2(n) = e2� + � 2
�

e� 2
� 1

�

= e
2

�
log b� � � 2

2

�
+ � 2 �

e� 2
� 1

�

= e2 log b� � � 2+ � 2
�

e� 2
� 1

�

= (b� )2
�

e� 2
� 1

�

which implies:

� 2 = log
�

S2(n)
(b� )2 + 1

�
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Metho d of Moments { Discussion

� It is not always that easy to apply the method of moments, e.g. a
binomialdistribution cannot havearbitrary meanand variance

� This method doesnot preventyou from wrongconclusions:as long as b�
is positive,you can always \estimate" an exponentialdistribution

The same,however,is alsotrue for other parameterestimationapproaches
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Parameter Estimation: Maximum Likelihood Estimation

� We �rst explainthe ideafor X beinga discreterandomvariable; be

p� (x) = Pr [X = x]

where� is the (to be estimated)parameterof the distribution F (�) of X
(Example: � in caseof a Poissondistribution)

� The probability that the randomvariable X producesthe n independent
observationsy1; : : : ; yN is just givenby:

L (� ) = p� (y1) � p� (y2) � : : : � p� (yn )
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Maximum Likelihood Estimation II

� We want to �nd � � suchthat:

L (� ) � L (� � )

for all � (L (�) is calledlikelihood function)

� For a continuousrandomvariable X with distribution F (�) and density
f � (�) the likelihood function is:

L (� ) = f � (y1) � f � (y2) � : : : � f � (yn )
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Maximum Likelihood Estimation III

� Goal: maximizethe likelihood function L(�)

� We can use methods from calculusto do this; example: estimate the
parameter� of an exponentialdistribution with:

f (x) = �e � �x

� The likelihood function is thus givenby:

L (� ) =
�
�e � �y 1

�
�
�
�e � �y 2

�
� : : : �

�
�e � �y n

�
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Maximum Likelihood Estimation IV

� It is convenientto introducethe log-likelihood function:

l (� ) = logL(� )

= log � n +

 

� �
nX

i =1

yi

!

= n log � � n�

 
1
n

nX

i =1

yi

!

= n log � � n� b�

� The log function is monotonicallyincreasing=) maximimizingthe log-
likelihood function is equivalentto maximimizingthe likelihood function
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Maximum Likelihood Estimation V

� For � > 0, l (� ) is in�nitely often di�erentiable, and solving

0 =
d

d�
l (� ) = n

�
1
�

� b�
�

for � gives:

� =
1
b�

which is the sameestimator as obtainedfrom the method of moments

Besidesbeingmore \p ractical" in this example,usingthe log-likelihood function insteadof the likelyhood

function postponesnumericalproblemsdue to havinglots of small numbers
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Maximum Likelihood Estimation { Discussion

� In general,estimators obtainedfrom MLE and the method of moments
can be di�erent. Example: for the normal distribution with parameters
� and � 2 the method of momentsgeneratesthe estimators:

� = b� � 2 = S2(n)

while the maximumlikelihood estimators are:

� = b� � =

r
n � 1

n
S2(n)

� The method is not always aseasilyappliedas in the example,sometimes
it doesnot give uniquesolutions;further propertiesdiscussedin script
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Remember: Three Steps

� Identify a candidateclassof distributions(e.g. normal N (�; � 2))

� Estimatethe parameters(here: � , � 2) from the observations

� Determine how good the estimated distribution �ts your data
(\Go odness-of-�t tests")
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Goodness-of-Fit Tests

� The situation is:

{ We haveselecteda candidatedistribution andestimatedits parameters
{ The resultingdistribution and density/pmf are F (�) and f (�)/ p(�)
{ Now we want to judge the quality of the �t

� There are two commonapproaches:

{ Visual comparison of the distributions (e.g. comparing the histogram
of the relativefrequencieswith the probability massfunction or density
function of the estimateddistribution)

{ Statistical goodness-of-�t tests like the � 2-test or the Kolmogorov-
Smirnovtest.
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Goodness-of-Fit Tests: Visual Approaches

� First step: createa histogramof the observations,computethe absolute
and relative frequenciesf i and hi

� As an example, we have generated 200 random numbers from an
exponential distribution with parameter � = 0:2; the range of the
observationswas approximately [0; 60]; the histogramis formed with an
interval width of � = 1

� In a density/histogram plot the scaleddensity function � f (�) is plotted
againstthe relativefrequencieshi (scalingis necessary since� � hi could
be di�erent from one)
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Goodness-of-Fit Tests: Visual Approaches II
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Figure1: Density / HistogramPlot for ExampleData
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Goodness-of-Fit Tests: Visual Approaches III

� Alternatively, we plot the relative empirical frequencieshi against the
expectedrelative frequenciesr i :

r i =
Z ai +1

ai

f (x)dx

for the continuouscaseand

r i =
X

ai � k � ai +1

Pr [X = k]

for the discretecase.

The resultingplot is calleda frequencycomparison plot
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Goodness-of-Fit Tests: Visual Approaches IV
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Figure2: FrequencyComparison Plot for ExampleData
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Goodness-of-Fit Tests: Visual Approaches V

� In the distribution function di�erence plot the theoretical distribution
function

F (x) =
Z x

�1
f (t)dt

is compared with the empiricaldistribution function:

Fe(x) =
# of observations� x

n

by plotting their di�erence F (x) � Fe(x); a large di�erence indicatesa
bad �t

� Thereare further visualapproaches,e.g. the P-P-Plot and the Q-Q-Plot
[10, Sec. 6.6]
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The Box Plot

� Let F (�) be a strictly monotonicdistribution function, with F � 1(�) being
the inverse

� For 0 < q < 1 the q-quantile of F (�) is the valuex suchthat F (x) = q,
i.e. x = F � 1(q)

{ Shorthand: xq = F 1� 1(q)
{ Imporant quantiles: the octiles (x0:125 andx0:875), the quartiles (x0:25

and x0:75) and the median(x0:5)

� Box plot: graphicalrepresentationof thesequantiles

Minimum MaximumOctile Median

Quartile
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Goodness-of-Fit Tests: Hypothesis Tests

� A hypothesistest is a statistical test proceduremakinga decisionabout
a hypothesiswith a certain prescribed accuracy

� For the caseof testing observationshavinga certaindistribution the null
hypothesisH0 is:

H0: the yi 's are iid observationsof a random variable having
distribution F (x).

� Such a hypothesiscan only be rejected,acceptingthe hypothesisdoes
not meanthat it is true, it only meansthat the hypothesisis consistent
with the data at hand
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Goodness-of-Fit Tests: Hypothesis Tests II

� Statistical tests are not absolutely precise; di�erent tests might give
di�erent answers for the samehypothesis

� Whenthe number of observationsis small,statistical testshaveproblems
to detect subtledi�erences

� When the number of observationsis large, it can happen that already
small di�erenceslead to rejectionof hypothesis

No set of data will always stricly havea certain distribution . . .
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Goodness-of-Fit Tests: Hypothesis Tests III

� Typesof wrong answersof a test:

{ Type-I: the test rejectsH 0 if it is true
{ Type-II: the test acceptsH 0 if it is false

� Whenestimatingcon�denceintervalsfor meanvalues,weare interestedin
the probability of type-I errors, � , which is alsoreferredto assigni�cance
level

� The probability � of a type-II error is often unknown (1 � � is calledthe
power of the test)
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Goodness-of-Fit Tests: Hypothesis Tests IV

� All hypothesistest work by:

{ Computinga test statistic out of the observations,
� The precisetest statistic dependson the speci�c test and can also

depend on the hypothesizeddistribution
{ and of testing this test statistic againsta speci�c thresholdvalue

� If test statistic is above threshold,the hypothesisH 0 is rejected
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The � 2 Test

� Preparations:

{ The range of observations[ymin ; ymax ] is partitioned into k non-
overlappingintervalsas above(not necessarily of equalwidth)

{ For all intervalsI i compute:
� The frequenciesf i (from your observations)
� The relative frequencieshi (from your observations)
� The expected relative frequenciesr i (from the inferred theoretical

distribution)

� Computethe � 2 value:

� 2 =
k � 1X

i =0

(f i � nr i )
2

nr i
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The � 2 Test II

� HypothesisH0 is rejectedif � 2 is larger than a thresholdvalue

� Propertiesof the � 2 test:

{ Large deviationsof f i from r i are punishedquadratically
{ For small r i alreadymoderatedeviationsare punished
{ The � 2 valueis not scale-invariant

Just considerwhat happenswhenn is doubled. . .
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The � 2 Test { Threshold Values

� If the parametersof F (�) are not estimatedfrom the observations,then:

{ The � 2 valueconvergesfor n ! 1 in distribution to a � 2 distribution
with k � 1 degreesof freedom

{ For large n and for a con�dencelevelof � , if

� 2 � � 2
k � 1;1� �

we acceptH0 (� 2
k � 1;1� � is the 1 � � quantile of the � 2 distribution

with k � 1 degreesof freedom,tabulated in textbooks)
{ With (1 � � ) � 100%probability we make the correct decision
{ The � 2 distribution is tabulated in statistics textbooks (e.g. [16])
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The � 2 Test { Threshold Values II

� If the distribution parametersare estimated from the observations,a
heuristiccriterion is to reject H 0 if

� 2 > � 2
k � 1;1� �

and to acceptit otherwise

� This choice:

{ Might give a smallerprobability than � for a type I error
{ Might givea higherprobability for a type II error (increasedprobability

to accepta falseH0)
{ Is reasonablefor large n and fairly large (sometens to hundreds)k
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The � 2 Test { Choosing the Intervals

� This is a critical issuefor the � 2 test

� The case of a discrete and moderately sized range f x1; : : : ; xm g is
uncritical: simply identify interval I i with the particular valuexi

� We will focuson the other cases:

{ continuousrangeof observations
{ discreteobservationswith large range
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The � 2 Test { Choosing the Intervals II

Equiprobable intervals : choosethe intervalssuchthat

r i �
1
k

(this requiresat leastapproximate knowledgeof F � 1(�))
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The � 2 Test { Choosing the Intervals III

Ensure minimum # of observations : be

a = min f nr i : i = 1; : : : ; kg (k � 3)

the minimum number of expectedobservations,and N � the number of
nr i valuesbelow �ve; the � 2 test is approximately valid if

a �
5N �

k � 1

for equiprobableintervalsthis criterion specializesto:

nr i � 5
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The � 2 Test { Choosing the Intervals IV

� Overall recommendation:chooseequiprobable intervals such that each
interval containsat least �ve observations
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The Kolmogorov-Smirnov (KS) Test

� The KS test compares the distribution functions insteadof the real and
theoretical relative frequencies[10, pp. 364]

� Be:

{ F (�) the theoretical distribution function
{ Fe(�) the empiricaldistribution function

� Sometimesit is convenientto usea \corrected" version

Ge(x) = Fe(x) �
0:5
n

to allow for larger valuesthan ymax (otherwiseFe(ymax ) = 1)
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The Kolmogorov-Smirnov (KS) Test { Advantages and
Disadvantages

� Advantages:

{ It doesnot requireto group the observationsinto intervals

� Disadvantages:

{ For discretedistributionsit is di�cult to �nd thresholdvalues
{ Practical thresholdvaluesare tabulatedonly for certain distributions
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The KS Test

� For the (uncorrected) empiricaldistribution function Fe(�) the following
holds:

Fe(y( i ) ) =
i
n

and betweenthesepoints Fe(�) is constant ( =) step function)

Pleasenote that the KS thus usesa speci�c kind of empiricaldistribution functions, for another kind

the points of Fe( �) are straightly connectedby line segments

� The KS test computesas test statistic the di�erence:

kFe(�) � F (�)k1 = sup
y

jFe(y) � F (y)j
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The KS Test II

� for �nding kFe(�) � F (�)k1 we usethat:

{ Fe(�) andF (�) aredistribution functions =) monotonicallyincreasing
{ Fe(�) is a step function

Therefore:

Dn = max
1� i � n

�
max

� �
�
�
�
i
n

� F (y( i ) )

�
�
�
� ;

�
�
�
�F (y( i ) ) �

i � 1
n

�
�
�
�

� �
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The KS Test { Threshold Values

� If:

{ F (�) is continuous,and
{ the parametersof F (�) are not estimatedfrom observations,

then the distribution of (the random variable) D n does not depend
on F (�), and there is an approximation formula: the hypothesisH 0 is
rejectedif: �

p
n + 0:12+

0:11
p

n

�
� Dn > c1� �
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The KS Test { Threshold Values II

� If:

{ F (�) is a normal distribution with parameters� , � 2

{ the parameters� and � 2 are estimatedfrom observations(using the
estimators from the method of moments)

then the hypothesisH0 is to be rejectedif:

�
p

n � 0:01+
0:85
p

n

�
� Dn > c0

1� �
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The KS Test { Threshold Values III

� If:

{ F (�) is an exponentialdistribution with parameter�
{ � is estimatedas 1

b�

then the hypothesisH0 is to be rejectedif:

�
Dn �

0:2
n

� �
p

n � 0:26+
0:5
p

n

�
> c00

1� �

� In [10, pp. 366] thresholdcriteria for further distributionslike the Weibull
and log-logisticdistributionsare given
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The KS Test { Threshold Values

Case Adjusted test statistic 0.85 0 .9 0.95 0.975 0.99

All parametersknown
� p

n + 0:12 + 0:11p
n

�
� D n 1.138 1.224 1.358 1.480 1.628

N ( b� ; S2(n )
� p

n � 0:01 + 0:85p
n

�
� D n 0.775 0.819 0.895 0.955 1.035

Exp
�

1
b�

� �
D n � 0:2

n

� � p
n + 0:26 + 0:5p

n

�
0.926 0.990 1.094 1.190 1.308

Table 1: Critical valuesc1� � , c0
1� � , c00

1� � for KS tests (the valuesin the
�rst row are the 1 � � values){ taken from [10, Table6.14]
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Overview

� Overviewon Workload Modelingand Generation

� Trace-drivenSimulation

� Fundamentalsof SyntheticWorkloads

� IID Sequencesof RandomVariates from well-known Distributions

� IID Sequencesof Random Variates from Empirical Distributions

� SelectedTra�c Modelsbasedon StochasticProcesses
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Generating IID Sequencesof Random Variates from
Empirical Distributions

� In a empiricaldistribution the observationsy1; y2; : : : ; yn are useddirectly
to specify a distribution

=) You need the observationsat hand when running the
simulation

� Empiricaldistributionsare an alternativewhenno theoretical distribution
is good enough
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Generating IID Sequencesof Random Variates from
Empirical Distributions II

� We can distinguishtwo cases:

{ We work directly with the observations
{ We havegrouped observations

� For grouped observationsit su�ces to know the frequencies

{ Reducedamount of data neededto specify distribution!
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Working with Direct Observations

� The direct observationsy1; y2; : : : ; yn are �rst sorted, givingthe sequence
y(1) � y(2) � : : : � y(n )
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Working with Direct Observations II

The empiricaldistribution function Fe(�) is de�ned as:

Fe(y(1) ) = 0 ; Fe(y(n ) ) = 1 ; Fe(y( i ) ) =
i � 1
n � 1

and betweenthesevalueswe interpolate linearly, i.e. we get

Fe(y) =

8
><

>:

0 : y < y(1)
i � 1
n � 1 +

y� y( i )
(n � 1)( y( i +1) � y( i ) ) : y( i ) � y < y( i +1)

1 : y � y(n )

(This is a di�erent de�nition than usedfor the KS test!!)
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Working with Direct Observations III

� Generationof randomnumbersfrom an empiricaldistribution:

{ Createan array a with n elements
{ Initialize the array as a[1] = y(1) ; a[2] = y(2) ; : : : ; a[n] = y(n )

{ Generateu � U(0; 1)
{ Determinei suchthat

i � 1
n

� u �
i
n

{ Return a number x � U(y( i � 1) ; y( i ) )
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Working with Direct Observations IV

� Problem: we can only generatevaluesbetweeny(1) and y(n )

� Solution: selecta thresholdvalueu0, suchthat if u � U(0; 1) > u0, we
do not search the array, but generatevaluesfrom the tail of a well-known
distribution
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Working with Grouped Observations
� If the observationscan only take a �nite number of values, say

f 1; 2; 3; : : : ; mg � N0 and we know the relative frequencieshk then
we can generaterandomvariates usingthe following scheme:

{ createan array a and initialize

a[k] =
kX

j =1

hj = Pr [X � k] (k 2 f 1; 2; 3; : : : ; mg)

{ generateu 2 U(0; 1)
{ �nd the index i suchthat:

a[i-1] < u � a[i]

and return i (usefor examplea binary search algorithm)
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Working with Grouped Observations II

� If the observationscan assumean in�nite number of values(countable
or uncountable),then we subdivide the rangeinto k intervals

[a0; a1); [a1; a2); [a2; a3); : : : ; [ak � 1; ak � 1); ; [ak � 1; ak ]

and determinethe frequenciesf i and relative frequencieshi
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Working with Grouped Observations III

The empiricaldistribution is speci�ed as follows:

Fe(a0) = 0 ; Fe(aj ) =
f 1 + : : : + f j

f 1 + : : : + f k

and in betweenwe interpolate linearly, giving:

Fe(y) =

8
><

>:

0 : y < a0

Fe(aj � 1) + y� aj � 1
aj � aj � 1

(Fe(aj ) � Fe(aj � 1)) : aj � 1 � y < aj

1 : y � ak
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Working with Grouped Observations IV

� This empiricaldistribution function Fe(�) canbe usedto generaterandom
variatessimilar to the algorithm for the caseof direct observations
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Overview

� Overviewon Workload Modelingand Generation

� Trace-drivenSimulation

� Fundamentalsof SyntheticWorkloads

� IID Sequencesof RandomVariates from well-known Distributions

� IID Sequencesof RandomVariates from EmpiricalDistributions

� Selected Tra�c Mo dels based on Stochastic Processes
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Selected Tra�c Mo dels based on Stochastic Processes

� Tra�c modeling is a speci�c type of workload modeling, it refers to
packet arrivals to a network

� Some referencesdiscussingtra�c models are: [5, 12, 2, 4, 11], [17,
Chap. 3].

� Tra�c is only oneaspect important in network, stochasticprocessesare
alsoappliedto model:

{ channelerrors
{ usermobility
{ call setupbehavior
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Generalities

� Many applicationsrequire more involved tra�c processesthan just iid
sequencesof randomvariates, for exampleto:

{ capturingshort-term or long-termcorrelation
{ havemore accuratetra�c models

� Wewill discusssomestochasticprocessesandtheir usein tra�c modeling

{ just the basicprinciples,not the parameterizationfrom measureddata
The three steps:
� identify a candidateclassof processes
� estimatethe parametersof the process
� judge the quality of the approximation

becomeconsiderablymore involved... the sameis often true for their arti�cial generation[6]

Workload Modelingand Generation,slide89



AndreasWillig SelectedTra�c Modelsbasedon StochasticProcesses

Generalities II

� What constitutesa tra�c model?

{ Interarrival times of packets: A1; A2; A3; : : :,
{ Number of arriving packets per arrival event (\batch sizes"):

B1; B2; B3; : : :, and
{ resourcedemandof eachpacket (packet size): W1; W2; W3; : : :

� Alternative formulationsfor arrival times:

{ interarrival times: A1; A2; A3; : : :
{ a point processT1 � T2 � T3 < : : : of arrival times
{ a counting process (N (t)) t 2 R+

0
, where N (t) counts the number of

arrivals in (0; t]
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CBR sources, ON/OFF CBR sources

� CBR = continuousbit rate

{ Periodic interarrival times, constant requestsizeper arrival

� CBR is a simplisticmodel of tra�c generatedby certain speechcoders:

{ Example:ISDN with A-law speechcoding: speechsignalsampledwith
8 kHz at resolutionof 8 bit
8 kHz is requiredto properly samplespeechsignalsin the rangebetween0.3 - 3.4 kHz { according

to the Nyquist samplingtheorem the samplingrate must be at least twice the maximumfrequency

for proper reconstruction

{ Multiple samplesare collected into a single packet =) constant
packet interarrival times

{ Typical packet interarrival times: 10, 20 or 30 msec
Higher interarrival times would harm speechquality in interactiveconversations
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CBR sources, ON/OFF CBR sources II

� More elaborate speechcodershavesilencedetection,duringsilentperiods
no signal/ packets are generated

This can saveenergyon a mobilephone. . .

ON OFF ON ONOFF

Figure3: Samplepath of an ON/OFF CBR source
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CBR sources, ON/OFF CBR sources III

� SourceswitchesbetweenON state (packets are generatedperiodically)
and OFF state (no packet generation)

� Parametersfrom [18]:

{ ON state holding times: exponentiallydistributed, mean1 s
{ OFF state holding times: 200 ms + exponential distribution with

mean1.15 s
To avoid silenceof lessthan 200 ms

{ ON statesshorter than 15 ms are taken as impulsenoise
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Renewal Processes

� In general: interarrival times are iid sequencesof non-negativerandom
variables,havingarbitrary distribution

� Properties:

{ In general: superposition of renewal processes(i.e. set union of the
respectivepoint processes)is not a renewal processanymore

{ Notable exception: Poisson processes (exponentially distributed
interarrival times)
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Renewal ProcessesII

� The autocorrelation function of interarrival times:

r (s; t) =
E [(As � E [As]) (As+ t � E [As+ t ])]p

Var [As] � Var [As+ t ]

=
E [AsAs+ t ] � E [As] E [As+ t ]

Var [As]

is zero whenevert 6= 0, it is thus not possibleto model any correlation
betweensuccessiveinterarrival times
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The Simple Poisson Process

� For the Poissonprocessof rate � > 0 the interarrival times are givenby:

Pr [A1 � t] = 1 � e� �t

� The Poissonprocesshasthe following properties:

{ It is a renewal process
{ It is memoryless
{ When it is known that n arrivalsoccur during time interval [s; t], then

thesearrival times are uniformly distributed over [s; t]
{ Superposition of two independentPoissonprocesseswith rates � > 0

and � > 0 yieldsa Poissonprocessof rate � + �
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The Simple Poisson Process II

� Usagein tra�c modeling:

{ Palm's theorem says roughly [5]: under suitableregularity conditions
the superposition of a growing number of independent renewal
processesapproachesa Poissonprocesswhen the individual arrival
ratesdecrease,suchthat the total arrival rate keepsconstant

{ Stated di�erently: wheneveryou can assumethat your arrivals come
from a large \p opulation" and eachmember of the populationarrives
with smallenoughprobability to keepoverallarrival rate bounded,the
Poissonprocessis a good choice

{ Examples:
� Ticks in a Geigercounter
� Call arrivals to a central o�ce
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The Simple Poisson Process III

� Sketch of generationalgorithm (process-basedsimulation):

while (true)
{

signal arrival of event

generate new interarrival time from exponential
distribution with parameter lambda

sleep for this amount of time
}
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The Simple Poisson Process { Batch Arrivals

� Batch arrivals model situationswherenot only a singlecustomerarrives,
but a group or a \batch" of these

� The number of arriving packets per arrival B1; B2; B3; : : : forms itself a
renewal processbeingindependentof the interarrival timesA1; A2; A3; : : :
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A Spatial Generalization: Poisson Point Processes

Be U � Rn , be A a non-empty family of subsetsof U . EachelementA 2 A is assumedto havea volume
� (A ) . Furthermore, let us assumethat a number of \p oints" is scatteredover U . We are essentially
interestedin counting the number of those points belongingto someA 2 A ; this quantity is denotedas
N (A ) . In a Poissonpoint process[7, Sec. 1.3] with intensity � > 0 the following propertieshold:

� For eachA 2 A the number N (A ) is a randomvariable havinga Poissondistribution with parameter
� � � (A ) , i.e.

Pr [N (A ) = k ] = e� � � � (A ) �
( � � � (A )) k

k !
k 2 N0

� When A 1; : : : ; A n 2 A are disjoint, the randomvariablesN (A 1) ; : : : ; N (A n ) are independent.

Poissonpoint processesare popular for examplefor modeling the number of stars in a certain spacearea
or the number of bacteriacultureson a Petri dish. The striking feature of sucha Poissonpoint processis
that it matchesthe intuitive notion most peoplehaveof \random deployments": It is shown in [8, Chap.
16] for Poissonpoint processesthat under the assumptions� (U ) > 0 and N (U ) = k the k points are
independentand uniformly distributed in U .

The spatialPoissonprocessis alsoa popular model for deployment of stationsin an ad-hoc wirelessnetwork

or a sensor network.
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Nonstationa ry Poisson Processes

� Nonstationary = arrival rate � is time-varying, i.e. the process has
instantaneousrate � (t) � 0

� Assumingthat � (t) is given,how to generatearrivals?

� Obviousapproach: modify the simplegenerationalgorithm to draw (at
simulationtime t0) an exponentialrandomnumber with parameter� (t0)

� Problem:

{ When � (t0) is very small, the next arrival will likely occur at a much
later time t1

{ If � (t) increasessigni�cantly between t0 and t1, then lots of arrivals
are simplyskipped
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Nonstationa ry Poisson ProcessesII

� Alternative method: generationby thinning:

{ Supposethat � 0 := maxt � 0 � (t) existsand is �nite
{ Generatearrivals at rate � 0

{ Subjecteacharrival to an independentBernoulliexperiment: an arrival
at time t is thrown away with probability

1 �
� (t)
� 0

{ If an arrival is thrown away, repeat wholeprocedureuntil an arrival is
successful

{ For other algorithms see[10, pp. 485]
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Nonstationa ry Poisson Processes{ MMPP

� MMPP = Markov-modulatedPoissonProcesses

� Given: a �nite number N of independent, stationary Poissonprocesses
with rates � i

� The state of a (discrete-timeor continuous-time)Markov chain with N
statesselectsat time t oneof the N Poissonprocesses

{ This modulating chain is independentof the N Poissonprocesses

� When the modulating chainswitchesat time t from state i to state j :

{ The next arrival from streami is canceled
{ The next arrival from streamj is scheduledby drawing an exponential

inter-arrival time with parameter� j
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Markovian Arrival Processes

� Idea:

{ We are givena time-homogeneous(discretetime or continuoustime)
�nite Markov chain

{ Wheneverthe chainmovesfrom somestate i to state j 6= i an arrival
occurs
� Batch arrivals possible

{ Interarrival times depend on state holding times:
� Discrete case: state holding time in state i is geometrically

distributed with successparameterpi

� Continuous case: state holding time in state i is exponentially
distributed with parameter� i

Workload Modelingand Generation,slide104



AndreasWillig SelectedTra�c Modelsbasedon StochasticProcesses

Markovian Arrival ProcessesII

� Why is this useful?

� We can model short-term autocorrelation

� Consideras an examplea TC-CTMC with state transition matrix

0

@

1� p
2 p 1� p

2
1� p

2
1� p

2 p
p 1� p

2
1� p

2

1

A

for somep 2 [0; 1] and exponentiallydistributedstate holdingtimeswith
parameters� 1 = 0:1, � 2 = 1 and � 3 = 10
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Markovian Arrival ProcessesIII
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Figure 4: Empirical autocorrelation functions for the interarrival-times
generatedby the TH-CTMC with p = 0:9, p = 0:7 and p = 0:5
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Markovian Arrival ProcessesIV

� The autocorrelation decays quickly, it is indeedpossibleto show that in
generalfor such Markov chainsthe (magnitude of the) autocorrelation
decays geometrically
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Auto regressive Processes

� The evolutionof Markovian modelsdependsby their nature only on the
current state, but not on previousstates

� Autoregressivemodels[1]:

{ take someparts of the past into account
{ depend on their own history, distortion comesfrom additionalnoise
{ popular noisemodel: white Gaussiannoise(WGN)

� a sequenceof iid Gaussianrandomvariableshavingzero-meanand
constantvariance

� Usede.g. in modelingVBR videotra�c (MPEG)
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Auto regressive ProcessesII

� AR(p): linear autoregressiveprocessof order p:

An = c0 +
pX

r =1

cr � An � r + wn

where(wn )n 2 N0
is WGN and c0; c1; : : : ; cp are �xed coe�cients

� MA(q): movingaverageprocessof order q:

An =
qX

r =0

br � wn � r

whereb0; : : : ; bq are �xed coe�cients
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Auto regressive ProcessesIII

� ARMA(p;q): autoregressivemovingaverage

An = c0 +
pX

r =1

cr � An � r +
qX

r =0

br � wn � r

� Thesemodelsare stationary, further variations exist which consider(and
model) seasonaltrends[1]

{ ARIMA models: considerdi�erences betweenneighbored An

{ SARIMA models: considerdi�erencesbetweenremoteAi

� Autocorrelationof thesemodelsstill decaysgeometrically/ exponentially
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Self-Similar Tra�c

� Do you remember thosefunny picturesof self-similar �gures like e.g. the
Mandelbrot set?
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Self-Similar Tra�c II

� A striking feature of such sets is that they look \similar" over several
zoom scales:the \Apfelm•annchen"appears at all scales!

� Suchself-similar featureshavealsobeenobservedfor network tra�c

{ First in a classicpaper by Lelandet al for Ethernet tra�c [11]
{ Seealso: [15], [3], [2], [4], [14]

� On the followingslidesweshow the e�ect, before self-similarity is formally
de�ned and methods of creationare discussed:

{ Compare Poissonarrivalswith arrivalsfrom a self-similar tra�c stream
{ The x-axis denotestime, the y-axis counts the number of arrivals in

time intervalsof a certain resolution
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Self-Similar Tra�c Example { Resolution = 0.1 sec
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Self-Similar Tra�c Example { Resolution = 1 sec
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Self-Similar Tra�c Example { Resolution = 10 sec
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Self-Similar Tra�c Example { Resolution = 100 sec
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Self-Similar Tra�c Example { Resolution = 1000 sec
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Self-Similarit y and Long-Range Dependence

� From looking at the �gures: self-similar tra�c looks \sto chastically" the
sameoverdi�erent (often a wide rangeof) time scales

� Self-similar tra�c is long-rangedependent, i.e. statistical correlations
occur over long time-scales

{ Short-range dependent tra�c would \smooth out" when averaging
over larger time windows

In networking we haveoften positive correlation betweenrandomvariablesX and Y : whenX is larger

than E [X ] then Y is likely larger than E [Y ]; in addition, when X is smaller than E [X ] then Y

is likely smallerthan E [Y ] { X and Y are \coupled" and show similar behaviour. Example: packet

waiting times in a bu�er.

� Therefore, autocorrelation can be usedas a metric for dependence
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Long-Range Dependence

� Let (X t )t 2 R+
0

be a covariance-stationary stochasticprocessand let c(k)
its autocorrelation for lag k
As a reminder: a stochastic process(X t ) t 2 T is called covariance-stationary or wide-sensestationary,
whenthere exist � 2 R and � 2 < 1 suchthat:

1. E [X t ] = � for all t 2 T
2. Var [X t ] = � 2 for all t 2 T

and furthermore
Ct 1;t 2 = Ct 1+ s;t 2+ s = C0;t 2� t 1 =: 
 ( t 2 � t 1)

for all t 1; t 2 2 T and all permissibles, whereCt 1;t 2 = Cov
h

X t 1; X t 2

i
is the covariancebetween

X t 1 and X t 2. For T = N0 the autocorrelation function is de�ned as:

c(k ) =

 (k )


 (0)
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Long-Range Dependence II

� A covariance-stationary process(X n )n 2 N0
is calledshort-rangedependent

when
1X

k=1

c(k) < 1
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Long-Range Dependence III

� A covariance-stationary process(X n )n 2 N0
is calledlong-rangedependent

whenthe autocorrelation decays hyperbolically with the lag:

c(k) � k� b � L (k)

for some0 < b < 1, whereL(k) is someslowly varying function.
For a slowly varying function L ( �) we have

lim
t !1

L (xt )

L ( t )
= 1

for all x > 0; examplesof slowly-varying functionsare constant functionsand L (x ) = log x .

The sum
P 1

k=1 c(k) diverges!
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Long-Range Dependence IV

1. The individual c(k) can be small in long-rangedependent tra�c, but
their aggregationhassigni�cant e�ect!
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Why do we care?

Figure 5: Mean queuelength at a router as a function of bu�er capacity
for input tra�c with varying degreesof long-rangedependence(from: [13,
Fig. 1.4])
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De�nitions of Self-Similarit y

� For a covariance-stationary, long-range dependent process (X n )n 2 N0

we de�ne a new process
�

X (m )
k

�

k2 N0
by averagingthe X n over non-

overlappingblocks of sizem

X (m )
k =

1
m

mX

i =1

X (k � 1)m + i

� This processis called exactly self-similar with parameter H = 1 � �
2

(with � 2 (0; 1)) if the process
�

m1� H X (m )
k

�

k2 N0
has the same�nite-

dimensionaldistributionsas (X n )n 2 N0
for all m � 1

H is calledthe Hurst parameter
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De�nitions of Self-Similarit y II

� A more relaxedde�nition is the following one:

� A covariance-stationary, long-range dependent process (X n )n 2 N0
is

called second-order self-similar with parameter H = 1 � �
2 if the

process
�

m1� H X (m )
k

�

k2 N0
hasthe samevarianceand autocorrelation as

(X n )n 2 N0
for all m � 1

� Further (evenmore relaxed)de�nitions exist
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De�nitions of Self-Similarit y III

� An evenmore relaxedde�nition is the following one:

� A covariance-stationary, long-rangedependentprocess(X n )n 2 N0
is called

asymptotically(second-order) self-similar with parameter H = 1 � �
2 if

for the autocorrelation c(m ) (k) of the process
�

m1� H X (m )
k

�

k2 N0
the

following holds:

c(m ) (k) !
1
2

� 2 �
k2� � �

as m ! 1

where � 2(f (k)) = f (k � 1) � 2f (k) + f (k + 1) is the secondcentral
di�erence operator
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De�nitions of Self-Similarit y IV

� Interpretation of this de�nition:

{ Autocorrelation depends only on � , not on m, and is basically the
sameas that of the original process
� For largeandincreasingm we havea �xed autocorrelationstructure,

being long-rangedependent!
� Canbe interpreted as \lo oks the sameno matter what time scale"

{ This is essentiallyequivalentwith showing long-rangedependence

� In contrast, aggretatedversionsof \conventional" stochastic processes
haveautocorrelation functionswhich tend to zero:

c(m ) (k) ! 0 as m ! 1
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Consequencesof Self-Similarit y

� The varianceof running arithmetic meandecays with samplesizen:

{ For conventionalprocesses:decays as n� 1

{ For self-similar processes:decays as n� � for 0 < � < 1

� Varianceof aggregatedprocessesdecays with aggregationsizem:

{ For conventionalprocesses:decays as m� 1 as m goesto in�nit y
{ For self-similar process:decays as am� � for 0 < � < 1 as m ! 1

� Consequence:the variance stays much larger than it \should be" for
most statistical tests, con�denceintervalsetc.

{ Application of \classical" methods for con�dence interval estimation
leadsto arbitrary results!!
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How to Mo del Self-Similar Tra�c?

� How to generatesuchtra�c arti�cially?

� Somemathematicalmodelsare available:

{ Fractional Gaussiannoise
{ Fractional ARIMA(p;d;q) processes

� Another approach: Self-similarity by aggregation:

{ Take an ON/OFF processwith heavy-tailedON and OFF times and
aggregatemanyof theseprocesses(computational/memory-intense!!)

{ This is how the Figureswerecreated

� Other methods available,but this is area of active research
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Overlapping ON/OFF Sources

� Take a number (say: 200)of independent,simpleON/OFF tra�c sources

� ON and OFF times should have a heavy-taileddistribution, like e.g.
Pareto distribution

{ It su�ces if either ON or OFF times havea heavy-taileddistribution

� Approaches:

{ Observethe number of active sourcesat any time
{ Let each sourcegenerateCBR tra�c during ON times and obtain

packet interarrival times from the aggregatedprocess
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Other Comments

� The approach to create self-similarity by aggregationmight serve as
an explanationfor the self-similarity of the instantaneoustra�c rates
observedat a web server Studieshaveshown that the sizesof the �les deliveredby a web

serverhavea heavy-taileddistribution

� Conjecturing self-similarity about �nite data sets and extracting
parametersfrom them is often critical

{ Realistically, only asymptotic self-similarity can be expected, yet this
cannot be judgedfrom a �nite amount of data!
The sumof all autocorrelationsis �nite . . .
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