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Mo dule Summary

In this module we discussdasicsof workload (and erra’) modelingaswell
as selectedexamplesof speci ¢ models

Acknavledgements: some slides have been inspired by Holger Karls
lecture \Leistungshkewertung und Simulation"

http://wwwcs.uni-  paderborn.d e/ cs/ag- karl/ te achin g/ ws0405/v |- lbs im.h tml
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Overview on Workload Mo deling and Generation

The workload is a key component of any perfamancestudy

Requirements:

{ Specied in terms of servicesof the system under study: types,
Interarrival times, and resourcedemandsof servicerequests

{ Repesentative

{ Relevant:
To nd the maximumthroughput you haveto saturatethe system
To test a congestioncontrol algaithm you needcongestion
To test convergencespeed of an adaptive algaithm you need
workload variations

{ Repoducible
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Overview on Workload Mo deling and Generation ||

\Real-world" workloadstypically haverandomcomponents,e.g. random
Inter-arrival times
Two fundamentaltypes of workloads:

{ \Real workloads"/ traces
{ Syntheticworkloads: arti cially generatedstochastic processes
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Trace-driven Simulation

Basicidea:

{ Conducta measurementt a real system,observethe servicerequests
(type, arrival times, resourcedemands further parameters)

{ Saveall this into alogle / trace le

{ Feedthe simulationfrom the trace le

Example:to obtain an Ethernetworkload, you canusetoolslike tcpdump
or ethereal

The real systemmust be availableand accessibléo obtain traces
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Advantages of Trace-driven Simulation

The workload is \realistic", whichincreasesredibility of your results

You don't needto nd (andto defendyour choice)appropriate parameterslike for syntheticworkloads

The workload hasfull stochasticcomplexiy: carelations,instationaity,
changingdistributions,. . .
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Disadvantages of Trace-driven Simulation

Trace les can grow large, making their handlingrather clumsy

You needseveraltrace les to representdi erent workloads

A singletrace representsjust a singleoperationalscenaio of the system

How to scalea workload, e.g. how to increasethe number of stations
shaing a commontransmissionrmedium?

The \obvious" appoachof makinginterarrival times smallerby a factor doesnot work, becausdan a real

Ethernet maore collisionswould result, which, however,would not shav up in the trace
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Disadvantages of Trace-driven Simulation

How to obtain independentreplications?

Tracescould not react on feedbackfrom the underlyingsystem,they are
open loop

Example: running TCP over a recaded Ethernet trace would changethe packets on the network, and

TCP isin turn in uenced by the paclets
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Fundamentals of Synthetic Workloads

Syntheticworkloads are an alternativeto traces

The workload is generatedby a dedicatedpieceof software (simulation
module) which createsa stochastic processout of randomvariates

As compaed to a trace, the stochastic processesused in workload
generationcan be chaacterizedby very few parameters

Example:a Poissonprocessis chaacterizedby a singleparameter > 0O
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Fundamentals of Synthetic Workloads |1

When designinga synthetic workload, we either:

{ Look for prescriled thearetical properties,e.g.:
Self-similaity / long-rangedependencan trac models[11]
Burstinessin channelerra models
Physicallyjusti ed processegPoissonarrivals, normally distributed
aggregatearrival rates)

{ or want to shae certain statistics with measuredraces:
Mean/ varianceof interarrival times and resourcedemands
Carelationsamonginterarival times, higherorder statistics
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Fundamentals of Synthetic Workloads II1

Most commonly used stochastic process in workload modeling: a
sequencef iid randomvariablesfor interarrival times (reneval process):

{ Advantages:.conceptuallysimple,easyto implement

{ Disadvantages:
Carelation not modeled (network trac is often long-range-
dependent)
If the parametersof the randomvariableshaveto be estimatedfrom
a trace (from observations),we have to assumeiid observations
which is often not true

Example:interarival times of http get requestsare grouped dueto embeddedobjects

Evenwhen later on mare complexstochastic processesre used,the iid
sequencas often a reasonabla rst shot"

TK N Telecommunication Workload Modeling and Generationslide 13
Networks Group



AndreasWillig Fundamentalsof Synthetic Workloads

Fundamentals of Synthetic Workloads IV

Many real workloadsneedmore complexstochasticprocesses:

Video/ audio/ speechsources

WWW trac arriving at a web server

Network tra ¢ on an Ethernetlink

Industrial processdata (alarm storms)
Databaseacces9atternsin an ERP system
Memay accesgatternsin scienti ¢ applications

ot W st W s W andn W antn W autn W s |

Designingsuitable stochastic processedor theseworkloadsis an art and
an area of active reseach { we will brie y discussa few models
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Fundamentals of Synthetic Workloads V

Basicdesignparameterfor iid sequencesthe commondistribution

When generatingiid sequenceshere are two possibilities:
{ We havemeasureddata at hand: infer a distribution

{ We don't havedata at hand: guessa distribution
When we havemeasuredata, there are two possibilities:

{ Usea well-knonvn thearetical distribution, estimateits parameters
{ Usea so-calledempiricaldistribution which usesthe data directly
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Why choosing a Distribution at all?

. .. Insteadof just usinga xed value,e.g.the meanvalue?

Example: the steady-stateexpected number of customersin a M/G/1
gueueingsystemis

“(1+ C§)

21 )

supposewe want to model the servicetimes:

E[N]=

{ Whenusinga xed value (always the expectation), we havea M/D/1
queue:
=099 =) E[N]= 99
{ Whenusingthe exponential distribution, we havea M/M/1 queue:
= 099 =) E[N]= 19701
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Guessing a Distribution

The situation is: we haveno data at hand, but haveto comeup with a
suitabledistribution for the iid sequence

We might apply a-priori knowledge about the workload and certain
heuristics:

{
{

Interarrival times are always non-negativeand nite =) nomal
distribution is no candidate

If the data is known to be within somerange [a; ], then a uniform
distribution U(a; b) might be a candidate

If the rangeis nite ([a;b]) and a particular valuec 2 [a;b] occurs
most frequently then a triangular distribution could be chosen

If the rangeis nite and you want to vary vay mean and variance
arbitrarily within this range,choosea Beta distribution

TK N Telecommunication
Networks Group
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Guessing a Distribution |1

Whenthe arrivals canbe thought of ascomingfrom a large population of
Independentindividuals,eachof which arriveswith smallprobability (e.g.
customersarriving to a bank) =) Poissonarrivals =) exponential
Interarival times

A guantity is the sumof a large number of more or lesssimila (and not
necessaly independentcomponents) =) normal distribution (due to
central limit theaem [CLT])

If you want to compae simulation results with analytical results =)
exponential distribution
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Guessing a Distribution |1

In certain application areas there are some \standard" distributions;
examples:

{ Reliability investigations lifetimes of devices:
Weibull
Pareto
{ Taskcompletiontimes:
Gamma
Welbull
Lognamal
Peason
Log-logistic

You can nd an excellentoverviewon these(and other!) distributionsin
the book of Law and Kelton [10, Chap. 6]
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Generating 11D Sequencesof Random Variates from
Well-Known Distributions

The situation is: There is data availableand we want to nd a well-
known thearetical distribution (normal, exponential, binomial, Bernoulli,
geometric,. . . ) that \ts" the data\b est"

There are three stepsinvolved:

{ ldentify candidatedistribution (normal vs. exponentialvs.. . .)

{ estimatethe parametersfrom the observations

{ determine how good the estimated distribution ts your data
(\Go odness-of- t tests")

If the test is not satisfactay, go backto rst step
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Advantages and Disadvantages of Choosing Well-Known
Distributions

Advantages:

{ All the standad distributions haveonly very few parameters

{ The rangeis not arti cially restrictedlike for empiricaldistributions

{ It istypically easyto changethe workload characteristics(e.g. double
the arrival rate) by adjustingthe distribution parameters

Disadvantages:

{ Empirical data always has a nite range, a thearetical distribution
might well havean in nite range{ is this always appropriate?

{ Sometimesno theaetical distribution seemsapplicable; example:
paclket sizedistribution in an Ethernet
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Notation
Bevyi;V¥2; V3 ::;Yn the measuredbservationsor samples
Theseare realizationsof the randomvariablesY; Yo: Y3::::: Yy

The minimum observationis Ynin , the maximumymax

Be y(;) the smallestobservation(= ymin ), Y the second-smallest
observation,. . ., andy,) the largestobservation(= Ymax )

The samplemeanand samplevariance of the observationsare:

1 X 1 X

Sy S = (i b)Y
1=1 i=1

b
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Notation |l

The samplecoe cient of variation (Sov, de ned only for non-negative
S2(n)
b

continuousrandomvariables)is just

The sampleskew of the observationgs:

1 X . b
Skew(yi;:::;¥n) = - py':

i=1 S#(n)

3

The skew Is a measureof symmetry of a distribution: symmetric
distributionshavea skew of O
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Notation |[l1I

Under the assumptionthat the process generating the observations
IS wide-sense-statiomg, we can compute the empirical coe cients of
carelation:

_ &
b = SZ(Jn)
1 X!
€ = : (yi  b)(yi+; b)

=1

If ] > 0:2 the variablesYy and Y; are saidto be strongly carelated
otherwisethey are weakly carelated; if jgj 0 they are uncarelated
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Notation V

Reminder:a stochasticprocess(X t){, 1 is calledcovaiance-stationay or wide-sensetationary, whenthere
exist 2 Rand %< 1 suchthat:

1. E[X¢]= foralt2 T
2. Var[X{]= Zforallt2 T

and furthermae

Ctiito = Cty+sitors = Coity t:h:: (t2 i t1)
foralltq;to> 2 T andall permissibles, whereCtl;t2 = Cov Xty Xty Is the covaiance between X tq
andXt,. For T = Ng the autocarelation function is de ned as:

c(k) = _(k)

)
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Notation V

Be X arandomvariable havingthe desiredwell-knowvn distribution, F ()
the distribution function of X andf () its densiy
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Remember: Three Steps

Identify a candidate class of distributions (e.g. normal N(; ?2))
Estimatethe parameters(here: , 2) from the observations

Determine how good the estimated distribution ts your data
(\Go odness-of- t tests")
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Finding a Candidate Class of Distributions

This is more or lessa heuristic procedure

We can usesomeof the rulesfor guessinga distribution to obtain hints:

{ Large population of independentcustomers:exponential, Poisson

{ Canberepesentedasa sumof alarge number of components: normal
{ Number of independenttrials neededuntil successgeometric

{ Number of successfutrials out of m total trials: binomial

{ If the data is known to be heavy-tailed(e.g. le sizes):Pareto

We can alsousesummay statistics and rangeof the observations

But the most important tool is the histogram look whetherthe shape
of the histogramlooks familiar to you
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Using Summary Statistics

Look at the range:

{
{

{

Non-negative =) narmal distribution is not a candidate

Naturally bounded =) distribution with nite support like uniform,
triangular, Beta, . . .

Large valuesoccur and the sampleCoV is large =) might be a
heavy-taileddistribution =) Pareto

Large valuesoccur, large samplevarianceand a signi cant \spike" at
the left =) (shifted) lognamal

Only positive valuesand samplecoe cient of variation is closeto one
=) exponential

Only positive valuesand samplecoe cient of varation larger than
one =) Gammawith < 1 or Weibullwith < 1
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Using Summary Statistics ||

Canwe synthesize distribution from componentdistributions? Example:
Ethernettra c is typically composedfrom:

{ webtrac

{ NFS/ SMBtrac
{ telnet/ sshtrac
{ ARP, DNS, etc.

Eachof this protocols hasits own typical packet sizedistribution
Samplecoe cient of variation is closeto zero =) \deterministic"

If the samplemeanis closeto the samplemedian (50% quantile) then
the distribution might be symmetric(you shouldalsotest the skewness!)
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Histograms

The range[Ymin ; Ymax | IS partitioned into k intervalsor bins

[a0; a1); [a1;@2); [az;@s); it [ak 2;ak 1); [ax 1;a&]

suchthat:

{ ag<ay<a<:iii<ag 1< &
{ @ = Ymin » & = Ymax

For eachinterval I = [aj;ai+1) nd the number f; of observationghat
are within 1;; the f;'s are calledfrequencieg(n = iko L))
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Histograms ||

The relative frequenciesare givenby:
hi - f—l
n
The relative frequenciesare plotted (using e.g. gnuplot ) and hopefully
the plot inspiresyou to choosethe right distribution

There are not much rulesfor the choiceof the interval widths, one rule
of thumb is to take care to haveat least ve observationsn eachinterval

Sturgesrule: k equal-sizedntervals,choosek ask = bl + log,nc

But likely you haveto experimentwith di erent interval widths
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Remember: Three Steps

Identify a candidateclassof distributions(e.g. nomal N (; 2))
Estimate the parameters (here: , 2) from the observations

Determine how good the estimated distribution ts your data
(\Go odness-of- t tests")
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Parameter Estimation from Observations

We haveto assumethat the observationsare realizationsof 1id random

We want to estimatethe parametersof the commondistribution function
F () from the iid observationq49]

In the previousstep we haveidenti ed a candidateclassof distributions,
from which we know which parameters must be estimated; Example:
If the candidateclassis normal, we needto estimateits mean and
variance 2
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Parameter Estimation: Testing Assumptions

Befare blindly applying one of the following methads, you should test
your assumptions:

{ Look at the samplecarelations Iy of your observations

{ If for somek kx > 0:2 holds,there s signi cant or strong carelation

{ If you haveweak carelation( x  0:2 for all k) this does not imply
Independenceput we take it asa \good sign" and are satis ed

{ If onlyfor veryfewlagsjhj 0:2, we might be willing to acceptthis

{ Otherwise, if we nd any | with JBj < 0:2, we might drop all
observationsexceptys;yj+1;Yzj+1;Ysj+1;::: and try our luck again
with the remainingobservations
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Parameter Estimation: Metho d of Moments

If F() Isthe (to be parameterized)distribution function for the desired
randomvariable X , we equate:

E[X]=b ; Var[X]= S?(n)
(and highermoments,if necessgy)

If we are lucky, the parametersof F () could be foundwhengivenE [X]
and Var [X]
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Metho d of Moments { Examples

The thearetical distribution is exponential with parameter > O:

{ =) FO=1 e
{ =) EX]=1

Therefae, the appoachE [X] = b givesimmediately

ol
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Metho d of Moments { Examples ||
The thearetical distribution is lognamal with parameters and 2:

{ X LN(; ?)i log(X) N(; ?)
{ For meanand variancewe have:

2 2

2

EX]=e*Z Var[X]=e** " e~ 1

We start from:
2
b=e "7
2
= logh= + —
) log >
2
2

=) = logb
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Metho d of Moments { Examples ||

We usethis in the secondequation:

S2n) = €t e 1
2 log b v F
= e 7 e’ 1
— e2Iogb 2y 2 62 1
= (b2 e 1
which implies: ,
S°(n)
2 —
= lo + 1
(b2
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Metho d of Moments { Discussion

It Is not always that easyto apply the method of moments, e.g. a
binomial distribution cannot havearbitrary meanand variance

This method doesnot preventyou from wrong conclusions:aslong as b
IS positive, you can always \estimate" an exponential distribution

The same,however,is alsotrue for other parameterestimationapproaches
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Parameter Estimation: Maximum Likellhood Estimation

We rst explainthe ideafor X beinga discreterandomvariable; be
p (x) = PriX = x]

where isthe (to be estimated)parameterof the distribution F () of X
(Example: in caseof a Poissondistribution)

The probability that the randomvariable X producesthe n independent

L(C)=p () p(y2) it p(yn)
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Maximum Likelihood Estimation 1|

We want to nd suchthat:
LC) L(C )
for all (L () is calledlikelihood function)

For a continuousrandom variable X with distribution F( ) and densiy
f () the likelihood function is:

L()=1"F (yd) f (y2) ::0 f (yn)
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Maximum Likelihood Estimation |11

Goal: maximizethe likelihood function L ()

We can use methaods from calculusto do this; example: estimate the
paameter of an exponential distribution with:

f(x)= e *

The likelihood function is thus givenby:

L( )= e Y1 e Y2 .. e Yr
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Maximum Likelihood Estimation 1V

It IS convenientto introducethe log-likelihood function:

1()

The log function is monotonicallyincreasing =)

logL( ) ,
o

log " + Yi
i=1 |
1 X

nlog n 0 Vi

nlog n b

maximimizingthe log-

likelihood function is equivalentto maximimizingthe likelinood function
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Maximum Likelihood Estimation V

For > 0, 1( ) isin nitely often di erentiable, and solving
d
= | = —
0 ] ()=n b

for gives:

b
which is the sameestimata as obtainedfrom the method of moments

Besidesdeingmare \p ractical” in this example,usingthe log-likelihood function insteadof the likelyhaod

function postponesnumericalproblemsdueto havinglots of smallnumbers
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Maximum Likelihood Estimation { Discussion

In general,estimatas obtainedfrom MLE and the method of moments
can be di erent. Example: for the normal distribution with parameters
and 2 the method of momentsgenerateghe estimatas:

= b 2= Sz(n)
while the maximumlikelihood estimatas are:

[
n 1
p— — 2
b —S?(n)

The methad is not always as easilyappliedasin the example,sometimes
it doesnot give uniquesolutions;further propertiesdiscussedn script
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Remember: Three Steps

Identify a candidateclassof distributions(e.g. nomal N (; 2))
Estimatethe parameters(here: , 2) from the observations

Determine how good the estimated distribution ts your data
(\Go odness-of-t tests")
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Goodness-of-Fit Tests

The situation Is:

{ We haveselecteda candidatedistribution and estimatedits parameters
{ The resultingdistribution and densiy/pmf are F( ) andf ( )/ p()
{ Now we want to judgethe quality of the t

There are two commonapproaches:

{ Visual compaison of the distributions (e.g. compaing the histogram
of the relativefrequenciewith the probability massfunction or density
function of the estimateddistribution)

{ Statistical goodness-of- t tests like the ?-test or the Kolmogaov-
Smirnovtest.
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Goodness-of-Fit Tests: Visual Approaches

First step: createa histogramof the observationscomputethe absolute
and relative frequencied; and h;

As an example, we have generated 200 random numbers from an
exponential distribution with parameter = 0:2; the range of the
observationsvas appoximately [0; 60], the histogramis formed with an
interval width of =1

In a densiy/histogram plot the scaleddensiy function f () is plotted
againstthe relativefrequencied; (scalingis necessgy since h; could
be di erent from one)

Workload Modeling and Generation slide 50



AndreasWillig GeneratinglID Sequencesf RandomVariates from Well-Knowvn Distributions

Goodness-of-Fit Tests: Visual Approaches ||

0.2 : : | , |
‘ empirical relative frequencies ——J
theoretical density --—-—---—-

0.18 ki .
0.16 {! -

0.14 H\ .

Figure1l: Density / HistogramPlot for ExampleData
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Goodness-of-Fit Tests: Visual Approaches ||

Alternatively we plot the relative empirical frequenciesh; againstthe
expectedrelative frequencies;:

aj+1
ri = f (x)dx
Q|
for the continuouscaseand
r = Pr[X = k]
aj k ajn
for the discretecase.

The resultingplot is calleda frequencycompaison plot
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Goodness-of-Fit Tests: Visual Approaches IV

0.2

0.18 H
0.16 H
0.14 K-

0.12 1 [

0.08 K
0.06 R
0.04 K

0.02 H

T L
empirical relative frequencies 1

theoretical relative frequencies ©=__—_

1 1
40 50

60

Figure 2: FrequencyCompaison Plot for ExampleData
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Goodness-of-Fit Tests: Visual Approaches V

In the distribution function di erence plot the thearetical distribution
function Z

F(X) = f (t)dt
1
Is compaed with the empiricaldistribution function:

# of observations Xx

Fe(X) = -

by plotting their di erence F(X) Fe(X); a large di erence indicatesa
bad t

There are further visualappgoachese.g. the P-P-Plot and the Q-Q-Plot
[10, Sec. 6.6]
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The Box Plot

Let F () be a strictly monotonicdistribution function, with F () being
the inverse

For 0 < q< 1 the g-quantile of F( ) is the valuex suchthat F(x) = q,
i.e.x=F 1(q)

{ Shathand: xq= F1 1(0)
{ Imporant quantiles:the octiles (Xg:125 andXg:g75), the quatiles (Xg:25
and Xo-75) and the median(Xg:s)

Box plot: graphicalrepresentationof thesequantiles

Quartile

Minimum Octile Median Maximum

Workload Modeling and Generation slide 55



AndreasWillig GeneratinglID Sequencesf RandomVariates from Well-Knowvn Distributions

Goodness-of-Fit Tests: Hypothesis Tests

A hypothesistest is a statistical test proceduremaking a decisionabout
a hypothesiswith a certain prescriled accuracy

For the caseof testing observationhavinga certain distribution the null
hypothesisHy Is:

Ho: the y;'s are iid observationsof a random variable having
distribution F (x).

Such a hypothesiscan only be rejected, acceptingthe hypothesisdoes
not meanthat it is true, it only meansthat the hypothesisis consistent
with the data at hand
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Goodness-of-Fit Tests: Hypothesis Tests ||

Statistical tests are not absolutely precise; di erent tests might give
di erent answversfor the samehypothesis

Whenthe number of observationss small, statistical testshaveproblems
to detect subtledi erences

When the number of observationss large, it can happen that already
smalldi erencesleadto rejectionof hypothesis

No set of data will always stricly havea certain distribution . . .
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Goodness-of-Fit Tests: Hypothesis Tests |11

Types of Wrong anSwWers of a test:

{ Type-I: the test rejectsHy If it is true
{ Type-Il: the test acceptsHg if it is false

Whenestimatingcon denceintervalsfor meanvalueswe are interestedin
the probability of type-l erras, , whichis alsoreferredto assigni cance
level

The probability of a type-Il erra is often unknawvn (1 Is calledthe
power of the test)
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Goodness-of-Fit Tests: Hypothesis Tests IV

All hypothesistest work by:

{ Computinga test statistic out of the observations,
The precisetest statistic dependson the speci ¢ test and can also
depend on the hypothesizeddistribution

{ and of testing this test statistic againsta speci c thresholdvalue
If test statistic is above threshold,the hypothesisH g is rejected
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The 2 Test

Prepaations:

{ The range of observations[Ymin ;Ymax | 1S partitioned into k non-
overlappingintervalsas above (not necessaly of equalwidth)
{ For all intervalsl; compute:
The frequencied; (from your observations)
The relative frequenciedh; (from your observations)
The expected relative frequencies; (from the inferred thearetical

distribution)

Computethe 2 value:
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The 2 Test Il

HypothesisH is rejectedif 2 is larger than a thresholdvalue

Propertiesof the 2 test:

{ Large deviationsof f; from r; are punishedquadratically
{ For smallr; alreadymoderatedeviationsare punished
{ The 2 valueis not scale-invaant

Just considerwhat happenswhenn is doubled. . .
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The 2 Test{ Threshold Values

If the parametersof F () are not estimatedfrom the observationsthen:

{
{

The 2 valueconvergedor n! 1 in distributionto a 2 distribution
with k 1 degreesf freedom

For large n and for a con dencelevelof |, if
2 2
k 1:1
we acceptHo ( § ;.. isthel guantile of the 2 distribution

with k 1 degreesf freedom,tabulatedin textbooks)
With (1 ) 100% probability we make the carrect decision
The 2 distribution is tabulatedin statistics textbooks (e.qg. [16])
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The 2 Test{ Threshold Values Il

If the distribution parametersare estimated from the observations,a
heuristiccriterion is to rejectHg If

2 2
> K 11

and to acceptit otherwise

This choice:

{ Might give a smallerprobability than for a type | errar

{ Might givea higherprobability for atype Il erra (increasedorobability
to accepta falseHy)

{ Isreasonabldor large n and fairly large (sometensto hundreds)k
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The 2 Test{ Choosing the Intervals

This is a critical issuefor the 2 test

uncritical: simplyidentify interval I; with the particular valuex;

We will focuson the other cases:

{ continuousrangeof observations
{ discreteobservationsnith large range
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The 2 Test { Choosing the Intervals Il

Equiprobable intervals : choosethe intervalssuchthat
I L
ok

(this requiresat leastapproximate knowledgeof F 1())
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The 2 Test{ Choosing the Intervals |1l

Ensure minimum # of observations : be
a=minfnr; ;1 =1;:::;kg (k 3)

the minimum number of expected observationsand N the number of
nr; valuesbelonv ve; the 2 testis approximately valid if

aSN
k 1

for equiprobableintervalsthis criterion specializeso:

nri 5
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The 2 Test{ Choosing the Intervals IV

Overall recommendation:choose equiprobable intervals such that each
interval containsat least ve observations
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The Kolmogorov-Smirnov (KS) Test

The KS test compaesthe distribution functionsinsteadof the real and
thearetical relative frequencieq410, pp. 364]
Be:
{ F() the thearetical distribution function
{ Fe() the empiricaldistribution function
Sometimesdt is convenientto usea \corrected" version
0:5

Ge(X) = Fe(x) N

to allow for larger valuesthan ynax (otherwiseFg(Ymax ) = 1)
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The Kolmogorov-Smirnov (KS) Test { Advantages and
Disadvantages

Advantages:

{ It doesnot requireto groupthe observationgnto intervals

Disadvantages:

{ For discretedistributionsit isdicult to nd thresholdvalues
{ Practical thresholdvaluesare tabulated only for certain distributions
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The KS Test

For the (uncarected) empiricaldistribution function F¢( ) the following
holds: i
Fe(Y(i)) = -

and betweenthesepoints F¢( ) is constant( =) stepfunction)

Pleasenote that the KS thus usesa speci ¢ kind of empirical distribution functions, for another kind

the points of Fe( ) are straightly connectedby line segments

The KS test computesas test statistic the di erence:

kFe() F()ka =syije(y) F(y)
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The KS Test ||

for nding kFe() F()k; we usethat:

{ Fe()andF () aredistributionfunctions =) monotonicallyincreasing
{ Fe() isa stepfunction

Therefae:
I 1

i
Dp = max max - F(Yiy) 3 F(Yiy) —
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The KS Test { Threshold Values

|f:

{ F() is continuous,and
{ the parametersof F () are not estimatedfrom observations,

then the distribution of (the random variable) D,, does not depend
on F (), and there is an appgoximation formula: the hypothesisHg is

rejectedif:
_ 11
p n+ 012+ -Op? Dn > Cl
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The KS Test { Threshold Values ||

AndreasWillig

|f:

{ F() isanomal distribution with parameters ,
{ the parameters and 2 are estimatedfrom observationgusing the

estimatas from the method of moments)

2

then the hypothesisH is to be rejectedif:

_ 0:85
PS 001+ P— Dn>
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The KS Test { Threshold Values Il

AndreasWillig

If:
{ F () is an exponential distribution with parameter
{ isestimatedas¢

then the hypothesisH is to be rejectedif:
; _ 0:5
D, 0:2 PL 026+ p= > )0

In [10, pp. 366]thresholdcriteriafor further distributionslike the Weibull
and log-logisticdistributionsare given
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The KS Test { Threshold Values

Case Adjusted test statistic 0.85 0.9 0.95 0.975 0.99
All parametersknown ¢ n+ 0:12 + %% Dn 1.138 1.224 1.358 1.480 1.628
N (b: S2(n) "hooo1+ 8 Dy 0.775 0.819 0.895 0955 1.035
Exp & Dn 22 Ff+ 026+ #2 0926 0990 1094 1190 1.308

Table 1: Critical valuesc; , ¢&§ , ¢ for KS tests (the valuesin the

rst row are the 1 values){ taken from [10, Table 6.14]
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Overview

Overviewon Workload Modelingand Generation
Trace-drivenSimulation

Fundamentalsof Synthetic Workloads

lID Sequencesf RandomVariates from well-knavn Distributions

I ID Sequencesof Random Variates from Empirical Distributions

SelectedTrac Modelsbasedon Stochastic Processes
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Generating 11D Sequencesof Random Variates from
Empirical Distributions

to specify a distribution

=)  You needthe observationsat hand when running the
simulation

Empiricaldistributionsare an alternativewhenno thearetical distribution
IS good enough
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Generating 11D Sequencesof Random Variates from
Empirical Distributions ||

We can distinguishtwo cases:

{ We work directly with the observations

{ We havegrouped observations

For grouped observationst su ces to know the frequencies

{ Reducedamountof data neededto specify distribution!
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GeneratinglID Sequencesf RandomVariates from Empirical Distributions

Y@)

Y©)

Working with Direct Observations

Y(n)
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Working with Direct Observations Il

The empiricaldistribution function F¢( ) is de ned as:

| 1
n 1

Fe(Yyoy) =0 Fe(ymy) =1 Fe(Yai)) =

and betweenthesevalueswe interpolate linealy, i.e. we get

8
2 ,y 0 ' y<yqy
_ i 1 (i) :
Fe(y) TS r|1 1 T (N D(Ya+y Yi) Y(i) y < y(i+1)
' 1 Yy Yn

(This is a di erent de nition than usedfor the KS test!!)
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Working with Direct Observations Il|

Generationof randomnumbersfrom an empiricaldistribution:

{ Createan array a with n elements

{
{ Generatau U(0;1)
{ Determinei suchthat

i |
_ = u _
N N
{ Return a number x U(y(| 1);y(i))
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Working with Direct Observations IV

Problem: we can only generatevaluesbetweeny;y andy )

Solution: selecta thresholdvalueug, suchthat if u  U(0;1) > ug, we
do not seach the array, but generatevaluesfrom the tail of a well-knowvn

distribution
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Working with Grouped Observations

If the observationscan only take a nite number of values, say
No and we know the relative frequencieshy then

we can generaterandomvariates usingthe following scheme:

AndreasWillig

{ createan array a and initialize

XK
alk] = hy = PriX K] (k2f1;2;3;:::;mQ)

=1

{ generateu 2 U(0;1)
{ nd the indexi suchthat:

ali-1] < u ai

andreturni (usefor examplea binary seach algaithm)
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Working with Grouped Observations ||

If the observationscan assumean in nite number of values(countable
or uncountable),then we suldivide the rangeinto k intervals

[a0; a1); [a1;@2); [az;as); i [ak 158k 1) ;[ak 1;a«]

and determinethe frequencied; and relative frequencied;
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Working with Grouped Observations |11

The empiricaldistribution is speci ed as follows:

fo+ 00+ 1
fo+ 1004+ fy

Fe(ag) = 0 Fe(qy) =

and in betweenwe interpolate linealy, giving:

8
2 0 L Y< @
.
Fe() = _ Fe(a 0+ 3—a3(Fe(@) Fe(@ 1)) @ & 1 y<g
1 Y A
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Working with Grouped Observations IV

This empiricaldistribution function F¢( ) canbe usedto generaterandom
variates simila to the algaithm for the caseof direct observations
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Overview

Overviewon Workload Modelingand Generation
Trace-drivenSimulation

Fundamentalsof Synthetic Workloads

lID Sequencesf RandomVariates from well-knavn Distributions
IID Sequencesf RandomVariates from Empirical Distributions

Selected Trac Models based on Stochastic Processes
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Selected Trac Models based on Stochastic Processes

Trac modeling is a specic type of workload modeling, it refersto
paclket arrivalsto a network

Some referencesdiscussingtra ¢  models are: [5, 12, 2, 4, 11], [17,
Chap. 3].

Trac is only oneaspect important in network, stochastic processesre
alsoappliedto model:

{ channelerras
{ usermobility
{ call setupbehavia
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Generalities

Many applicationsrequire mare involvedtrac processeghan just iid
sequencesf randomvariates, for exampleto:

{ capturingshat-term or long-term carrelation
{ havemore accuratetrac models

We will discusssomestochasticprocessesndtheir usein tra ¢  modeling

{ just the basicprinciples,not the parameterizationfrom measurediata
The three steps:
identify a candidateclassof processes
estimatethe parametersof the process
judge the quality of the approximation

becomeconsiderablymore involved... the sameis often true for their arti cial generation[6]
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Generalities |1

What constitutesa trac model?

{ Interarival times of paclets: A1; Ay As;:::,

{ Number of arriving packets per arrival event (\batch sizes"):
B1:B>;B3s;:::, and

{ resourcedemandof eachpaclet (packet size): Wq; W5; W3; . ::

Alternative formulationsfor arrival times:

{ Interarival times: A1; Ao; Agz; i :

{ apoint processT; T, T3< :::ofarrival times

{ a counting process (N (t))tZRS’ where N (t) counts the number of
arrivalsin (0; t]
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CBR sources, ON/OFF CBR sources

CBR = continuousbit rate

{

Periodic interarrival times, constantrequestsizeper arrival

CBRis a simplisticmodel of tra ¢ generatedoy certain speechcoders:

{

Example:ISDN with A-law speechcoding: speechsignalsampledwith

8 kHz at resolutionof 8 bit

8 kHz is requiredto properly samplespeechsignalsin the rangebetween0.3 - 3.4 kHz { accading

to the Nyquist samplingthearem the samplingrate must be at leasttwice the maximum frequency
for proper reconstruction

Multiple samplesare collectedinto a single packet =) constant
paclket interarrival times

Typical packet interarival times: 10, 20 or 30 msec

Higher interarival times would harm speechquality in interactive conversations
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CBR sources, ON/OFF CBR sources ||

More elalorate speechcodershavesilencedetection,during silent periods
no signal/ paclkets are generated

This can saveenergyon a mobile phone. . .

- ON - OFF ON OFF ON

Hain T aalinsl

Figure 3: Samplepath of an ON/OFF CBR source
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CBR sources, ON/OFF CBR sources Il

Sourceswitchesbetween ON state (packets are generatedperiodically)
and OFF state (no paclket generation)

Parametersfrom [18]:

{ ON state holdingtimes: exponentially distributed, meanl s
{ OFF state holding times: 200 ms + exponential distribution with
meanl.15s

To avoid silenceof lessthan 200 ms
{ ON statesshater than 15 ms are taken as impulsenoise
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Renewal Processes

In general: interarrival times are iid sequence®f non-negativerandom
variables,havingarbitrary distribution

Properties:

{ In general: superposition of reneval processeqi.e. set union of the
respective point processes)s not a reneval processanymae

{ Notable exception: Poisson processes (exponentially distributed
Interarival times)
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Renewal Processesl|

The autocarrelation function of interarrival times:

E[(As,. E[AsD) (Asii  E[Assi])]
" Var [As] Var[As+]
E [AsAsit] E [As] E [As+¢]
Var [Ag]

r(s;t)

Is zerowhenevert 6 O, it is thus not possibleto model any carelation
betweensuccessivanterarival times
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The Simple Poisson Process

For the Poissonprocessof rate > O the interarival times are givenby:

PrjA; t]=1 e !

The Poissonprocesshasthe following properties:

{ It is areneval process

{ It is memayless

{ Whenit is known that n arrivals occur during time interval [s; t], then
thesearrival times are uniformly distributed over|[s; t]

{ Superposition of two independentPoissonprocessesvith rates > 0
and > 0 yieldsa Poissonprocessof rate +
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The Simple Poisson Processl||

AndreasWillig

Usagein tra c modeling:

{ Palm's theaem says roughly [5]: under suitable regulaity conditions
the superposition of a growing number of independent reneval
processesappoachesa Poissonprocesswhen the individual arrival
ratesdecreasesuchthat the total arrival rate keepsconstant

{ Stated di erently: wheneveryou can assumethat your arrivals come
from a large \p opulation" and eachmember of the population arrives
with smallenoughprobability to keepoverallarrival rate bounded,the
Poissonprocessis a good choice

{ Examples:

Ticks in a Geigercounter
Call arrivalsto a central o ce
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The Simple Poisson Processlli|

Sketch of generationalgaithm (process-basegimulation):
while (true)
{

signal arrival of event

generate new interarrival time from exponential
distribution with parameter lambda

sleep for this amount of time
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The Simple Poisson Process{ Batch Arrivals

Batch arrivals model situationswherenot only a singlecustomerarrives,
but a group or a \batch" of these

The number of arriving paclets per arrival B1;B,; B3;::: forms itself a
reneval processbeingindependentof the interarrival timesA1; Ao; Az; i
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A Spatial Generalization: Poisson Point Processes

BeU R", beA anon-empy family of subsetsof U. EachelementA 2 A is assumedo havea volume

(A). Furthermae, let us assumethat a number of \p oints" is scatteredover U. We are essentially
interestedin counting the number of those points belongingto someA 2 A ; this quantity is denotedas
N (A). In a Poissonpoint process[7, Sec. 1.3] with intensity > 0 the following propertieshold:

For eachA 2 A the number N (A) is a randomvariable havinga Poissondistribution with parameter
(A), i.e.
ay ( (A)X
k!

PrN(A) = k] = e k 2 Ng

Poissonpoint processesare popula for examplefor modeling the number of stars in a certain spacearea
or the number of bacteriacultureson a Petri dish. The striking feature of sucha Poissonpoint processis
that it matchesthe intuitive notion most people have of \random deployments”: It is shovn in [8, Chap.
16] for Poissonpoint processedhat underthe assumptions (U) > 0 and N (U) = k the k points are
independentand uniformly distributedin U.

The spatial Poissonprocessis alsoa popula model for deployment of stationsin an ad-hoc wirelessnetwork

or a senso network.
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Nonstationary Poisson Processes

Nonstationay = arrival rate iIs time-vaying, i.e. the process has
instantaneougate (t) O

Assumingthat (t) is given,how to generatearrivals?

Obviousapproach: modify the simple generationalgaitnm to draw (at
simulationtime ty) an exponentialrandomnumber with parameter (tg)

Problem:

{ When (tp) is very small, the next arrival will likely occur at a much
later time tq

{ If (t) increasessigni cantly betweenty andt,, then lots of arrivals
are simply skipped
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Nonstationary Poisson Processesl|

Alternative method: generationby thinning:

{ Supposethat °%:= max; o (t) existsandis nite

{ Generatearrivals at rate °

{ Subjecteacharrival to anindependentBernoulliexperiment: an arrival
at time t is thrown away with probability

{ If an arrival is thrown away, repeat whole procedureuntil an arrival is
successful

{ For other algaithms see[10, pp. 485]
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Nonstationary Poisson Processes{ MMPP

MMPP = Markov-maodulated PoissonProcesses

Given: a nite number N of independent, stationay Poissonprocesses
with rates

The state of a (discrete-timeor continuous-time)Markov chainwith N
statesselectsat time t one of the N Poissonprocesses

{ This modulating chainis independentof the N Poissonprocesses

Whenthe modulating chainswitchesat time t from state | to state:

{ The next arrival from streami is canceled
{ The nextarrival from streamj is schedulediy drawing an exponential
inter-arrival time with parameter |
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Markovian Arrival Processes

|dea:

{ We are givena time-homogeneougdiscretetime or continuoustime)
nite Markov chain

{ Wheneverthe chain movesfrom somestate i to state] 6 i an arrival
occurs

Batch arrivals possible

{ Interarival times depend on state holding times:
Discrete case: state holding time In state | IS geometrically
distributed with succesgaameterp;
Continuous case: state holding time in state i is exponentially
distributed with parameter ;
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Markovian Arrival Processesl|

Why is this useful?
We can model shat-term autocorrelation

Consideras an examplea TC-CTMC with state transition matrix

2 P 2
@.p 1p A
2 2
1 p 1 p
P 2 2

for somep 2 [0; 1] and exponentiallydistributed state holding times with
paameters 1= 01, ,=1and 3= 10
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Markovian Arrival Processesll||

Figure 4. Empirical autocarelation functions for the interarival-times
generatedoy the TH-CTMC with p= 0:9, p= 0:7 andp = 0:5
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Markovian Arrival Processesl|V

The autocarelation decas quickly, it Is indeedpossibleto show that Iin
generalfor such Markov chainsthe (magnitude of the) autocarrelation
decgs geometrically
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Auto regressive Processes

The evolution of Markovian modelsdependsby their nature only on the
current state, but not on previousstates

Autoregressivenodels[1]:

{ take someparts of the pastinto account

{ dependon their own histary, distartion comesfrom additional noise

{ popula noisemodel: white Gaussiamoise(WGN)
a sequenceof iid Gaussiarrandom variableshaving zero-meanand
constantvariance

Usede.g.in modeling VBR videotrac (MPEG)
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Auto regressive Processesl |

AR(p): linea autoregressiverocessof order p:

xP
An=C+ C An + Wy
r=1
where(wn), ,, 1S WGN and co; ¢1;:::;Cp are xed coe cients

MA(q): movingaverageprocessof order g

S
An = b wn
r=0
whereby;:::; b, are xed coe cients
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Auto regressive Processesl ||

ARMA(p;g): autoregressivenoving average

XP Xd
A, =¢c+ Cc Ap b wy
r=1 r=0

Thesemodelsare stationay, further variations exist which consider(and
model) seasonatrends[1]

{ ARIMA models: considerdi erences betweenneighlored A,

{ SARIMA models: considerdi erencesbetweenremote A;

Autocarelation of thesemodelsstill decays geometricallyy exponentially
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Self-Similar Tra c

Do you rememler thosefunny picturesof self-simila gures like e.g.the
Mandellvot set?
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Self-Similar Trac |l

A striking feature of such setsis that they look \similar" over several
zoom scales:the \Apfelmannchen"appeas at all scales!

Suchself-simila featureshavealsobeenobservedor network tra c

{ Firstin a classicpaper by Lelandet al for Ethernettrac [1]]

{ Seealso: [15], [3], [2], [4], [14]

On the following slideswe shav the e ect, befare self-similaity is formally
de ned and methods of creationare discussed:

{ Compae Poissonarrivalswith arrivalsfrom a self-simil@ tra c stream
{ The x-axis denotestime, the y-axis counts the number of arrivals in
time intervalsof a certain resolution
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Self-Similar Trac Example { Resolution = 0.1 sec

W M L% |
©
>
‘S
W |

time interval time interval

Poissonarrivals Self-simila arrivals

=
o

_# aof arrivals

o

Workload Modelingand Generation slide113



AndreasWillig SelectedTra c Modelsbasedon StochasticProcesses

Self-Similar Trac Example { Resolution = 1 sec
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Self-Similar Trac Example { Resolution = 10 sec
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Self-Similar Trac Example { Resolution = 100 sec

U')S i 1 %o -

E e e T

> - >

S @

o ©

+H+ H,l

time interval time interval
Poissonarrivals Self-simila arrivals

Workload Modelingand Generation slide116



AndreasWillig SelectedTra c Modelsbasedon StochasticProcesses

Self-Similar Trac Example { Resolution = 1000 sec

ol o
O e g oty A b= Ao ATt s ©
= | >
@ o |
G ks
3 .,
time interval time interval
Poissonarrivals Self-simila arrivals

Workload Modelingand Generation slide 117



AndreasWillig SelectedTra c Modelsbasedon StochasticProcesses

Self-Similarity and Long-Range Dependence

From looking at the gures: self-simila tra c looks\sto chastically"the
sameoverdi erent (often a wide rangeof) time scales

Self-simila trac Is long-rangedependent i.e. statistical carrelations
occur overlong time-scales

{ Shat-range dependenttrac would \smooth out" when averaging
over larger time windows

In networking we haveoften positive carelation betweenrandomvariablesX andY : whenX is larger
than E [X ] then Y s likely larger than E [Y ]; in addition, when X is smallerthan E [X ] then Y
is likely smallerthan E [Y] { X andY are \coupled" and shav simila behaviour. Example: packet

waiting timesin a bu er.

Therefae, autocarrelation can be usedas a metric for dependence
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Long-Range Dependence

Let (X¢), R® be a covaiance-stationay stochastic processand let c(k)
its autocarrelation for lag k

As a reminder: a stochastic process(X ), 1 is called covaiance-stationay or wide-sensestationay,
whenthereexist 2 Rand 2< 1 suchthat:

1. E[Xt]= forallt2 T
2. Var [X¢] = 2forallt 2 T

and furthermae

Ctiito = Cty+sitors = Coity tq “h (t2 til)
forallty;t> 2 T and all permissibles, WhereCtl;t2 = Cov Xty Xty is the covaiance between
Xty and X t,- FOr T = Ng the autocorrelation function is de ned as:

c(k) = L9

(0)
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Long-Range Dependence ||

A covaiance-stationay procesg(X ), v, IS calledshat-rangedependent
when 2

ck) <1

k=1
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Long-Range Dependence |11

A covaiance-stationay process(Xn),,, No IS calledlong-rangedependent
whenthe autocarrelation decas hyperbolically with the lag:

c(k) k P L(k)

for some0 < b< 1, whereL (k) is someslowly varying function.

For a slowly varying function L ( ) we have

1

L (xt

lim (xt) =
tll L (t)

for all x > 0; examplesof slowly-varying functionsare constantfunctionsand L (x) = log x.

P
The sum &=1 c(k) diverges!
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Long-Range Dependence IV

1. The individual c(k) can be small in long-rangedependenttrac, but
their aggregationnassigni cant e ect!
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Why do we care?

Figure 5: Mean queuelength at a router as a function of bu er capaciy
for input tra c with varying degreesof long-rangedependence(from: [13,
Fig. 1.4])
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De nitions of Self-Similarity

For a covaiance-stationay, long-range dependent process (Xn)nZNo

we de ne a new process Xlim) by averagingthe X, over non-
k2 Ng

overlappingblocks of sizem

XN
Xk Dym+i
i=1

(m) _ 1
X = =

K m
This processis called exactly self-simila with paameterH = 1 =

2

(with 2 (0;1)) if the process m? Hx ™ hasthe same nite-
k2 Ng

dimensionaldistributionsas (X ), forallm 1

H is calledthe Hurst parameter
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De nitions of Self-Similarity 11

A more relaxedde nition is the following one:

A covaiance-stationay, long-range dependent process (Xn)nZNo IS

called second-oder self-simila with paameter H = 1 5 if the

process m* X ﬁ”” hasthe samevarianceand autocarrelation as
k2 Ng

(Xn)non, fOrallm 1

Further (evenmaore relaxed)de nitions exist
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De nitions of Self-Similarity 111

An evenmaore relaxedde nition is the following one:

A covaiance-stationay, long-rangedependentprocess(X ), y, IS called
asymptotically (second-oder) self-simila with parameterH = 1 5 |if

for the autocarrelation ¢(™ (k) of the process m? Hx ™ » the
No

following holds:

1
™) (K) ! 5 2 k2 asm! 1

where ?(f(k)) = f(k 1) 2f(k)+ f(k+ 1) is the secondcentral
di erence operata
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De nitions of Self-Similarity 1V

Interpretation of this de nition:

{ Autocarelation dependsonly on , not on m, and is basicallythe
sameasthat of the original process
For large andincreasingmn we havea xed autocarrelation structure,
being long-rangedependent!
Can be interpreted as\lo oks the sameno matter what time scale"
{ This is essentiallyequivalentwith shaving long-rangedependence

In contrast, aggretatedversionsof \conventional" stochastic processes
haveautocarrelation functionswhich tend to zero:

cd™@k)! 0 asm! 1
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Consequencesof Self-Similarity

The varianceof running arithmetic meandecgs with samplesizen:

{ For conventionalprocessesdecgsasn *:

{ For self-simila processesdecg;sasn forO< <1

Variance of aggregatedorocesseslecgs with aggregationsizem:

{ For conventionalprocessesdecgysasm ! asm goesto in nity

{ For self-simila process:decgysasam forO< < lasm! 1
Consequencethe vaiance stays much larger than it \should be" for

most statistical tests, con denceintervalsetc.

{ Application of \classical" methods for con dence interval estimation
leadsto arbitrary results!!
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How to Model Self-Similar Tra c?

How to generatesuchtra c arti cially?

Somemathematicalmodelsare available:

{ Fractional Gaussiamoise
{ Fractional ARIMA(p;d;q) processes

Another appoach: Self-similaity by aggregation:

{ Take an ON/OFF processwith heavy-tailedON and OFF times and
aggregatemany of theseprocessegcomputational/memay-intense!!)
{ This is how the Figureswere created

Other methods available,but this is area of active reseach

Workload Modelingand Generation slide 129



AndreasWillig SelectedTra c Modelsbasedon StochasticProcesses

Overlapping ON/OFF Sources

Take a number (say: 200) of independent,simpleON/OFF tra c sources
ON and OFF times should have a heavy-taileddistribution, like e.g.
Pareto distribution

{ It suces if either ON or OFF times havea heavy-taileddistribution

Approaches:

{ Observethe number of active sourcesat any time
{ Let eachsourcegenerateCBR trac during ON times and obtain
paclket interarival times from the aggregatedorocess
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Other Comments

The appoach to create self-similaity by aggregationmight serve as
an explanationfor the self-similaity of the instantaneoustrac rates
observedat a web server studieshave shavn that the sizesof the les deliveredby a web

serverhavea heavy-taileddistribution

Conjecturing self-similaity about nite data sets and extracting
parametersfrom them is often critical

{ Realistically only asymptotic self-similaity can be expected, yet this
cannot be judgedfrom a nite amount of data!

The sum of all autocarrelationsis nite . . .
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