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Introduction

e Assume there is an iid sequence Xi, X5, X3,... of random variables
having the common distribution F'(+)

e ['(-) is not known to us, but we have a number of numerical realizations,
samples or observations x1,xs,Z3, ..., T, of these random variables and
want to determine certain characteristics of F'(-) from these observations

e Interesting characteristics can be:

— F[X4] and Var [ X/]
— quantiles

Here we focus on estimating F'[X;| and on determining confidence
intervals for this
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Estimation — General Notion

e \We want to know the “true” expectation u = F | X] of the distribution

F()
e But: we only have observations x4, zo,...,x, at hand

e Therefore: we must estimate u from the observations, giving an
estimated value 1

e Any function g(-) such that

= g(x1, T, ...,Ty)

Is called an estimator
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Unbiased Estimators

Definition 1 (unbiased estimator). An estimator is called unbiased, if

lim Ep] = E |y

n—oo

holds, 1.e. when adding more observations makes the estimator more
precise.

One wants to have unbiased estimators or only those estimators where the
bias (lim,, oo F (1] — E [p]) is small compared to |
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Estimating the Expected Value

The standard estimator for E [X4] is given by:

1 n
ﬁ — ; Z Xy
1=1
It is called sample mean. It is unbiased:

B[] = E

but we will almost surely have:

P

7 1

£ gt

EXqi]=p
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Estimating the Variance

Definition 2 (Sample Variance). The sample variance S*(n) of the
observations x1,...,x, 1S given by:

$3(n) = —= > (a0 — i) @

where 1 1s just the estimation given in FEquation 1.

One can show that S%(n) is an unbiased estimator of 0% = Var [Y] being
the “true” variance.

The question why n — 1 is used instead of n in the denominator is beyond the scope of this lecture ...
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Estimating the Variance

One does not know how close the sample mean 1 is to the true mean pu.
But, the larger n is, the smaller is the variance of the sample mean i (which
is a random variable!):

1 2

where we have used the independence assumption for the X,;. For large
n the variance gets close to zero and large differences between p and 1
become more and more unlikely.

This does not hold true when the X, are correlated!!!
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Estimating the Mean for Grouped Observations

Sometimes our observations xi,...,x, have only a finite range R, i.e.
assume only a finite set of values, like for example a subset of the natural
numbers R ={i,i+1,i+2,...,5—1,5}.

Suppose we have not collected the observations, but instead we have counted
how often each value k£ € R actually occured in the set of observations. Let

fis fix1, ..., [; denote these frequencies. Then n = f; 4+ fiq1 + ...+ f;,
and the estimator for 4 = E'|Y] is given by:

|
:Ekz::
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Estimating the Variance for Grouped Observations

We can derive the estimator S?(n) = Var [X1] as follows:

S*(n) = :n—Zm — 271 + 7i%)
=1

n
Zajl —|—n,u —2”2 xl>
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Estimating Probabilities

The estimation of probabilities can be expressed as estimation of a mean
value of a Bernoulli random variable

Example: you want to estimate the probability that a packet traveling between two fixed Internet hosts has a
delay of more than 200 msec. If dy, do, d3, ..., dy are the observed independent end-to-end delays, then

we could form the observations:
x’—{ 1 : d; > 200 msec
P =

0 : d; <200 msec
corresponding to the “true” random variables:

X, — 1 : D; > 200 msec
1 0 @ D; <200 msec

(X, is called an “indicator variable”, it is a Bernoulli random variable). A small calculation shows that

E [X;] = Pr[D; > 200 msec].
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Confidence Intervals for the Sample Mean

e Goal: characterize the estimation error . — 11 for a set x1,xo,...,x, of
iid observations

e Precisely: we look for an interval I, = [t — s, i + s] which contains the
true mean g with at least (1 — «) - 100% probability

— Such an interval is called a confidence interval for the confidence level
« — typical values for a are o« € {0.1,0.05,0.01}

— Of course, a small interval (small s) is desirable, since this indicates a
“likely high accuracy” of the estimation
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Confidence Intervals for the Sample Mean ||
e Interpretation:

— For single experiment (set of observations) p may / may not be in I,
— If you repeat the experiment hundreds of times (each experiment giving
distinct observations) and calculate for each experiment i a separate

confidence interval I then then (1 — «) - 100% of the confidence

intervals ((f) contain u

e The development of confidence intervals rests on the assumption that
x1,Z2,...,T, are realizations of iid random variables; thus, for

=)
||

S| =
(]
s

the central limit theorem can be invoked, if n is “large enough” (n > 50)
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Confidence Intervals for the Sample Mean Il

e In the following it is explicitly assumed that for n large enough the

random variable R
Bl

o2

n

has a standard normal distribution

e For given o we can find a value z;_¢ from a table of the standard normal
distribution for which:

l—a=Pr {—zl_% <X < R1-%| = (I)(Zl—%) o (I)(_Zl—%)

where X ~ N(0,1) is a random variable with standard normal
distribution
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Confidence Intervals for the Sample Mean IV

e Here,

Is the distribution function of X
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Confidence Intervals for the Sample Mean V

e Now we use the approximation given by the central limit theorem:

l—a =~ Pr —zl_gg'u_'ugzl_g
2 2 2
g
- n —
o2 o2
= Pr|l—z_a — S U= < Zi_ay\—
n 2V n
R o2 R o2
= Prip—2z_¢ ?SNSN"‘Zl—% -
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Confidence Intervals for the Sample Mean VI

e The unknown variance o2 has to be estimated by S?(n), which makes
the approximation weaker.

e The interval in which we can find g with probability (1 — «) - 100% is

just given by:
. o? o?
A—zig\|— i+ zogy—
n n

The interval is symmetric around 1.

e For n — oo the interval gets smaller and vanishes. However, to halve
the interval's size, we have to increase n by four times.

o For o2 getting larger, the interval gets larger, too
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Confidence Intervals for the Sample Mean VII

e To summarize our results so far: after having obtained n samples, we can
estimate the confidence interval I = [l(n, a), u(n, a)] which contains the
true mean p with (1 — a) - 100% probability as follows:

. S%(n .
l(n7 Oé) — 0= 21-¢ 75/ ) ) ’LL(’H,, O‘) = K+ “1-%

5%(n)

n

e Sources of approximation errors:

— What does “large enough” mean for n?

— The distribution of 1 converges to a normal distribution, but the
convergence speed depends on F'(-)

— The true variance o? is approximated by S%(n), which might for
“real”, positively correlated data be significantly smaller than o?

TKN Telecommunication Statistics Refresher, slide 16
Networks Group




Andreas Willig

Confidence Intervals for the Sample Mean VII

The approximation error might manifest itself in two ways:

e The interval I = [l(n,a),u(n,a)] might be too large, but contains the
value 1 with the desired confidence level (1 — «) - 100%. This just tends
to lengthen simulation times.

e The interval I = [I(n,a),u(n, a)| contains p with lower probability than
(1 — «) - 100%. This might become a serious problem for the credibility
of simulation results.

This is just what happens when our observations are positively correlated, because the confidence interval

is smaller than it should be.
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Confidence Intervals for the Sample Mean VIII

Instead of taking z;_g from the standard normal distribution, a more
appropriate choice (especially for smaller values of n) is to take the 1 — 3
quantiles of the Student-t-distribution with parameter a = n — 1 degrees
of freedom (can be found in tables, e.g. in [1]), i.e. we replace z;_a by

tn—1,1-¢ and the confidence interval becomes

Io = [l(n, @), u(n, )] (3)

with:
l(nya) = w—t, 11-¢ Siim (4)
u(ma) = fit gy 8
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Confidence Intervals for the Sample Mean IX

When the distribution function F'(-) belongs to a normal distribution X7 ~
N(u,0?) then the confidence interval using tn—1,1—¢ is exact.

Using the Student-t distribution we get:

e a larger (and thus more conservative) confidence interval for small n,
since ¢, _1,1-¢ > 21-¢, especially for small n

— We thus reduce the probability of type-| errors

e For large n more or less the same confidence interval as if we have used
Zl—%-
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